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Abstract 


In this paper, we proved decay properties of solutions to the Stokes equations with surface tension 
and gravity in the half space R+ = {(a;',xjv) | x' € xn > 0} {N > 2). In order to prove 

the decay properties, we first show that the zero points \± of Lopatinskii determinant for some 
resolvent problem associated with the Stokes equations have the asymptotics: A± = — 

2|^y -I- as l^'l —>■ 0, where Cg > 0 is the gravitational acceleration and £ R^“^ is 

the tangential variable in the Fourier space. We next shift the integral path in the representation 
formula of the Stokes semi-group to the complex left half-plane by Cauchy’s integral theorem, and 
then it is decomposed into closed curves enclosing A± and the remainder part. We finally see, by the 
residue theorem, that the low frequency part of the solution to the Stokes equations behaves like the 
convolution of the {N — l)-dimensional heat kernel and ^ ^]{x') formally, where 

is the inverse Fourier transform with respect to . However, main task in our approach is to show 
that the remainder part in the above decomposition decay faster than the residue part. 


1 Introduction and main results 


Let RjJ; and Rq {N > 2) be the half space and its boundary, that is, 


R+ = {{x',xn) I x' G R^ , Xn > 0}, Rq = {{x',xn) \ x' G R^ , xn = 0}. 

In this paper, we consider the following Stokes equations with the surface tension and gravity in the half 
space R?: 


(I.l) 


Here the unknowns V = (C/i(x, C/Ar(a:, t))^ and 0 = Q{x,t) are the velocity field and the 

pressure at {x,t) G R+ x (0,oo), respectively, and also H = H{x',t) is the height function at {x',t) G 


atC7-Div5(C7,0) =0, 

div [/ = 0 

in R^^, t > 0, 

dtH + Un = 0 


on R^, t > 0 

ly + {cg — Ca^')Hv — 0 


on R^, t > 0 

U\t=o = f inR^', 

i?|t=o = d 

on R^-k 
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^ X (OjCXi). The operators div and A' are defined by 


N 

divU = 

i=i 


N-1 

i=i 



for any A^-component vector function U and scalar function H. S{U,Q) = —0/ + D{U) is the stress 
tensor, where I is the N x N identity matrix and D{U) is the doubled strain tensor whose (i, j) component 
is Dij(U) = DiUj + DjUi- Moreover, Div S'(17,0) is the A^-component vector function with the ith 
component: 

N 

Dj{DjUi + D,Uj - (5y0) = AU, + A div U - A0- 
i=i 

Let i' = (0,..., 0, — 1)^ be the unit outer normal to R^, and then 


component of S{U, 0)i^ = 


{DnU, + D,Un) = 
2DnUn + Q ii = N). 


The parameters Cg > 0 and Co- > 0 describe the gravitational acceleration and the surface tension 
coefficient, respectively, and the functions / = {fi{x), ..., /Ar(a;))^ and d = d{x') are given initial data. 

The equations dm arise in the study of a free boundary problem for the incompressible Navier- 
Stokes equations. The free boundary problem is mathematically to find a ^/-component vector function 
u = {ui{x,t),... ,UN{x,t))’^, a scalar function 9 = 9{x,t), and a free boundary r{t) = {{x',Xn) \ x' G 
R^-i, = h{x',t)} satisfying the following Navier-Stokes equations: 


' p{dtu + u ■ Vm) — Div S(u, 0) = —pCgS/xN, 
dth + u' ■ V'h — un = 0 
< S{u,0)vt = CaKVt 

u\t=o = Uo 

^ h\t=o = ho 


divu = 0 in D(t), t > 0, 
on r(t), t > 0, 
on r(t), t > 0, 
in D(0), 
on R^-b 


( 1 . 2 ) 


Here D(t) = {(a;',a:Ar) | x' G R^ Xn < h{x',t)}, and D(0) is a given initial domain; p is a positive 
constant describing the density of the fluid; k = K{x,t) is the mean curvature of T{t), and i^t is the unit 
outer normal to T{t); u ■ Vm = 'Yj=i UjDjU, and u' ■ V'h = UjDjh. 

A problem is called the finite depth one if the equations is considered in D(t) = {{x',xn) \ 
x' G R^“^, —b < xn < h{x',t)} for some constant 5 > 0 with Dirichlet boundary condition on the 
lower boundary: Ft, = {{x',xn) \ x' G R^“^, xn = —b}. There are several results for the finite depth 
problem. In fact, Beale [4] proved the local well-posedness in the case of = 0 and Cg > 0, and also 
[S] proved the global well-posedness for small initial data when Ca > 0 and Cg > 0. Beale and Nishida 
[3] proved decay properties of the solution obtained in [S], but the paper is just survey. We can find the 
detailed proof in Hataya [S] . Tani and Tanaka [20] also treated both case of Co- = 0 and Co- > 0 under the 
condition Cg > 0. Along with these results, we refer to Allain [2], Hataya and Kawashima [5], and Bae 
[3]. Note that they treated the problem in the L 2 -L 2 framework, that is, their classes of solutions are 
contained in the space-time L 2 space, and their methods are based on the Hilbert space structure. Thus, 
their methods do not work in general Banach spaces. From this viewpoint, we need completely different 
techniques since our aim is to treat (IE2D in the Lp-Lg framework. 

The study of free boundary problems with surface tension and gravity in the Lp-Lg maximal regularity 
class were started by Shibata and Shimizu m- We especially note that Abels [T] proved the local well- 
posedness of the hnite depth problem with p = q > N, = 0, and Cg > 0. In the case of the Lp-Lg 
framework, Shibata m proved the local well-posedness of free boundary problems for the Navier-Stokes 
equations with Co- = Cg = 0 in general unbounded domains containing the finite depth problem, where p 
and q are exponents satisfying the conditions: 1 < p, g < 00 and 2fp-\- N/q < 1. 

Concerning ca), under some smallness condition of initial data, Priiss and Simonett m showed 
the local well-posedness of the two-phase problem containing ca with Co- > 0 and Cg = 0, and also 
m and CH proved the local well-posedness of the case where Cg > 0 and > 0. Recently, there are 
two papers due to Shibata and Shimizu [HHZ]. which treat the linearized problem of ca and some 
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resolvent problem. But all the papers do not have any results about decay properties of solutions for the 
linearized problem of (O- In the present paper, we show decay properties of solutions to (ED as the 
first step to prove the global well-posedness of ED- 

Now we shall state our main results. For this purpose, we introduce some symbols and function 
spaces. For any domain in R^, positive integer m, and 1 < g < oo, Lq{VL) and denote the 

usual Lebesgue and Sobolev spaces with ||•||L„(n) and |H|w”*(n)) respectively, and we set VF°(n) = Fq(fl). 
Let N be the set of all natural numbers and Ng = N U {0}, and let C be the set of all complex numbers. 
For differentiations, we use the symbols and D^, defined by 


D2f{xi,...,XN) 
g{ii, ■ ■ ■ ,iN-i) 


9l“l 




f{xi,...,XN) =£>“" ...D%^f{xi,...,XN) 


d\P'\ 


0./3-— 5 ( 6 , • ■ ■ , Cn-i) = . . . < 6666 , . ■ . , 


where a = (ai,..., aw) G and /3' = (/3i,..., /3w-i) S In addition, for any vector functions 

u{x) = {ui{x ),..., un{x))'^, D^u{x) is given by D^u{x) = (II“ui(x),..., D'^un{x))'^, and also 

Vu = {DiUj \i,j = 1,.. .,N}, = {DiDjUk | i, j, fc = I,.. .,N}. 

Let X and Y be Banach spaces with || • ||x and || • ||y, respectively, and then C{X, Y) denotes the set of 
all bounded linear operators from X to Y, and set C{X) = C{X,X). For m G Ng and an interval I in 
R, C'^{I,X) is the set of all X-valued C^-functions defined on I. Let X™ be the m-product space of X 
with TO € N, while we use the symbol || • ||x to denote its norm for short, that is. 


||u||x = ^ \\uj\\x for u = (ui,.. .,Um) G X"‘. 
j=i 

For 1 < <7 < oo, non-integer s > 0, and to G N, IF^(R'") denotes the Slobodeckii spaces defined by 


= {uG IFW(R-) I ||u|k.(R,n) < oo}. 


|a| = [s 


([ 

r \D^u{x) - D;^u{y)\'i 


Wr^ 

Jam |a; - y|'"+(«-W)9 

LL Jb j 


1/9 


where [s] is the largest integer lower than s. For any vector function u = (ui, ..., uw)^ and v = 
(ui,..., vn)'^ dehned on R)^, we set 





Uj{x)vj(x) dx. 


The letter C denotes a generic constant and C{a,b,c,...) a generic constant depending on the quantities 
a,b,c,.... The value of C and C{a,b,c,...) may change from line to line. 

Let VFg (R(^) be the homogeneous spaces of order 1 defined by = {9 G Lqjoc(R-+) | Vd G 

Lq(R^)^}. In addition, we set E,io(R^') = {9 G W^IR^) | 9\^. = 0} and = {^ e I 

6*|rn = 0}. As was seen in [THl Theorem A.3], IF,j^_q(R()() is dense in Wq}Q(R))^) with the gradient norm 
IIV • ||l,(r^)- Then the second solenoidal space Jq{R^) is defined by 

J^R^) = {fG Lq{R^)^ I (/, = 0 for any ^ G 

where I/g-|-I/g' = l. For simplicity, we set 

Xq = J,(R") X X° = Lq{R^) X Lq{R^-^), 

Xl = LqiR^)xW;-^^nR^-^) (z = l,2), (1.3) 
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and let EH he the harmonic extension of iJ, that is, 


J AfiJ = 0 in 
\ EH = H on R^. 

The main results of this paper then is stated as follows: 

Theorem 1.1. Let 1 < p < oo, Cg > 0, and Ca > 0. 

(1) For every t > 0 there exists operators 

Sit) e CiX^W^i^l)^), n(t) G ax^Wli^l)), Tit) G LiX^W^-^/^iR^-^)) 
such that for F = if, d) G Xp 

Si-)F G Ci((0,oo), JpiR^)) n ^“((O, oo), lTp2(R^)'^), 
n(.)FGCO((0,oo),R;i(R")), 

T(-)Fg C'^((0,oo),W'2-i/p(RAf-i))nC'°((0,oo),fT3-i/P(R"-i)), 
and that (17,0, iJ) = (5'(t)F, n(t)F, T(t)F) solves uniquely (11.11) with 

lim|l(t/(t),i7(t))-(/,d)||x, =0. 


(2) Let l<r<2<q<oo and F = if,d) G X^ n X^. The operators, obtained in (1), then are 
decomposed into 

Sit)F = Soit)F + S^it)F + Rit)f, 
nit)F = Uoit)F + U^it)F + Pit)f, 

Tit)F = Toit)F + T^it)F, (1.5) 


which satisfy the estimates as follows: For fc = 1, 2, .^ = 0,1, 2, and t > 1 

\\iSoit)F,dtEiToit)F))\\^^^^.^ < C(t + l)-™(^’’')||F|Uo ^f iq,r) ^ (2,2), 

l|V'=5o(t)i"||L,(R-) < C(t + l)-"(^’'-)-'=/«||i^|Uo, 
mSoit)F,VUoit)F)h^(^.) < C(^ + l)-™(^’’')-l/4||F|U^ 
\\V%EiToit)F)h^(^.) < C(t + l)-™(^’’')-'=/2||F|Uo, 
||vi+^f(ro(t)i^)IL^(R«) < c(t + i)-™(^’’')-i/4-^/2||F|Uo 
with some positive constant C, where we have set 


miq,r) = 
niq,r) = 


N-1 

2 

iV- 1 




In addition, there exist positive constants S and C such that for t > 1 


( 1 . 6 ) 


\\idtS^it)F,vn^it)F)\\p^^^^.^ 

+ \\iSUt)F,dtEiT^it)F)),XEiT^it)F)))\\^,^^.^ < Ce-^‘||F|U.. (1.7) 

Finally, for t > 1 and 7 = 0,1, 2, 

l|V^R(t)/L^(Ry) < C(t + l)-^/2||/|li^(j,.), 

||(ati?(f)/,vp(t)/)|L^(R«) <c(t + i)-i/|L^(R.). (1.8) 

This paper consist of five sections. In the next section, we introduce some symbols and lemmas, and 
also consider some resolvent problem associated with dm with Cg = Co- = 0. In Section 3, we construct 
the operators S'(t),n(t), and Tit), and also give the decompositions (II. 5p . Finally, Theorem ll.il (2) is 
proved in Section 4 and Section 5. 
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2 Preliminaries 

We first give some symbols used throughout this paper. Set 

Sg = {A G C I I arg A| < tt — e, A ^ 0}, = {A G Se | |A| > Ag} 

for any 0 < e < 7r/2 and Ag > 0. We then define 

g-Ba _ g-Aa 

B-A ’ 


Al = |C'l, S = \/A+|CT (ReB>0), M{a) = 

D{A, B) = + AB^ + iA^B - 

L{A, B) = {B- A)D{A, B) + A{cg + c^A^) 

for ^' = (^ 1 ,..., ^N-i) G A G Se, and a > 0. Especially, we have, for £ = 1,2, 

^M{a) = (-1)^ {{B + (a)), 


( 2 . 1 ) 


M{a) = -a [ 
Jo 


( 2 . 2 ) 


The following lemma was proved in [ni Lemma 5.2, Lemma 5.3, Lemma 7.2]. 


N-l 


Lemma 2.1. Let 0 < £ < tt/2, s G R, a > 0, and a' G N, 

(1) There holds the estimate 

be{\X\^ +A)< ReB < \B\ < (|A|^ + A) 
for any , X) G R'^”^ x with be = (l/-\/2){sin(e/2)}^/^. 

(2) There exist a positive constant C = C{e, s, a') such that for any (^', A) G (R'^”^ \ {0}) x 

\D'^:A^\ < \D'^!B^\ < CdA]^ + A)"-I“'l, 

< CdAI + |£>“,'£»(A,R)"| < CdAI^ + A)3«A-I“'I 

|Li^,'7W(a)| < c'A-i-l“'le-(''=/®)^“, Mia)\ < C'|ArM-l“'le-('''/®)^“. 

(3) There exist positive constants Ag = Ag(e) > 1 and C = C{e,XQ,a') such that for any {£,',X) G 
(R^-i \ {0}) X 

L(A, B)-^\ < C{|A|(|A|^ + Af + A(cg + c<,A2)}-ia-I“'I. 

Let f{x) and g{f) be functions defined on R^, and then the Fourier transform of f{x) and the inverse 
Fourier transform of g{f) are defined by 

miO= [ e-^^<f{x)dx, F-^[g]{x) = j ^^<g{0dt 

JRW ^ (27r) Jrjv 

We also define the partial Fourier transform of f{x) and the inverse partial Fourier transform of g{f) 
with respect to tangential variables x' = (xi,... ,Xn-i) and its dual variable ^' = (^i,..., fN-i) by 


f{C,XN)= [ e f{x',XN)dx', 

jR"-! 

= / e“'-«'5(C',Civ)dC'. 

^ (27r)" Jrn-1 


Next we consider the following resolvent problem: 


Xw — DiYS{w,p) = f, divu; = 0 inR()., 


S{w,p)v = 0 


on R^^. 


(2.3) 
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Lemma 2.2. Let 0 < e < tt/ 2, 1 < q < oo, A G Eg, and f G Lq(IL^)^. Then the equations (12.311 admits 
a unique solution {w,p) G W^CR.^)^ x possessing the estimate: 

with some positive constant C = C{e,q, N). In addition, wn{^', 0, X) is given by 


N-l 


WN 


{e,0,X) = J2 


lUB-A) 


o-Bvn 


/fc(C', Un) dpN 


- A 


N-l 


“ X! ^ / Ai{yN)fkiC,yN) dyN 


k=l 


D{A,B) Jo 


a{b'^ + a^) r 

D{A,B) Jo 


M{yN)fN{i', Vn) dyN 


(2.4) 


N-l . 




i^B-A) 


a-Ayw 


- D(A,B) Jo 
A{B + A) /■“ 


fk{C,yN) dyN 


-Avn 


D{A,B) Jo 


fNiC>yN) dyN 


N-l 


-E 


2i^kAB 


,-DiA,B) Jo 

2A^ 


D{A,B) Jo 


M{yN)fk, yN ) dyN 

M{yN)fN{^', Vn) dyN- 


(2.5) 


Proof. The lemma was proved by Shibata and Shimizu [131 Theorem 4.1] except for (12.41) and (12.51) . so 
that we prove (1^ S-Iid. (|2.5I) here. 

Given functions g{x) defined on we set their even extensions g^{x) and odd extensions g^{x) as 


jgix',XN) inR", 

inR~ = 


in R^, 


g{x',XN) 

-g{x',-XN) in RO^, 


( 2 . 6 ) 


where R)^ = {(x',xn) \ x' G R^ ^ , xn < 0}. In addition, given the right member / = (/i,..., /at)^ of 
(1^ . we set Ef = (/f,..., /^_i, JnY- Let {w^,p^) be the solution to the following resolvent problem: 

Xw^ - I)iYS{w\p^) = Ef, divw^ =0 in R^. 

We then have the following solution formulas (cf. [171 Section 3]): 

(mAo 


Wj {x, A) 


A + ieP 


N 


-EV 




(x) 


i^P(A + iep) 


iEf)A0 


(x) (j = l,...,N), 


pAx,X) =-E~ 


— 1 


L 7 F' 


(x). 


As was seen in m Section 4], we have, by the definition of the extension E, 

DnwA{x',0, X) = 0, p^(a;^ 0, A) = 0. 


(2.7) 


( 2 . 8 ) 


Next we give the exact formulas of wAX, 0, A) and DnWj{^', 0, A) for j = 1,..., A^ — 1. To this end, 


'1 (C n \\ 

we use the following lemma which is proved by the residue theorem. 
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Lemma 2.3. Let a £ R \ {0}, and let ^ = (^i,..., £ R" . Then 


1 




d^N = 


j-A|o| ^ 


OO 


i^Ne 


ia^N 


27r J_^ A + l^p 
1 [°° 


d^N = 


2A ’ 27r 

g-B|a| I 


-OO l?l 


(i^AT = -sign(a)- 


o-A|o| 


2 ’ 


2B • = 


_L/'p-^l“l _ p-B\a\ 


), 


SttJ.oo ieP(A + |eP)'^^^ sign(a)2^(e 

J_ f —— d^N = _- Re“'®l“h 

27r7_oolCP(A + |CP) 2A^ ® 

where sign(o) defined by the formula: sign(a) = 1 when a > 0 and sign(a) = —1 when a < 0. 
In order to obtain 

N-l .. 


JV—J- poO 

5^(r,0, A) = E ^ M'^yN)dyN 

,._i ^ Jo 

-fN{^',yN)dyN 


fe=i 




+ 


Jo 
1 
A 

Af-l 


B 


DMw]{e,oA) = -Yl 


nOO 

/ - Be-^y^) f^ie, Vn) dyN, 

Jo 


/*oo 


poo 

+ / e-^y-ffie,yN)dyN 

Jo 


+ '-Y r - Be-^y^) 7jv(r, J/at) ^J/at, 


(2.9) 


we apply the partial Fourier transform with respect to x' = {xi,... ,xn-i) to (12.71) . insert the identities 
in Lemma o into the resultant formula, and use the formulas: 

poo 

•^[/;](6=/ (j = l,...,iV-l), 

Jo 

pOO 

HInU) = / + ey-^-) fNii'^VN) dvN- 

Jo 

Here and in the following, j runs from 1 through — 1. By (|2.9I) and the fact that X = B^ — and 

-ByN _ p-AyN — ( U — 


g _ g _ A)M{yN), we have 


'^Af('C^ 0, A) — 


A 


B(B + A) J, 


N-l 


-E 


fc=i 


B + A 


e fN{^\yN)dyN 

/ OO 

■Ad ijjN)fk{^',yN) dyN 


B + A. 


M{yN)fN{^',yN) dyN , 


_ pOO ■ p 

DNw]{eA^) = / e-^y-ffie,yN)dyN - 


f 


e fN{^',yN)dyN 


N-l 

E 


B + A 


M{jjN)fk{^' tVn) dyN 


B + A, 


■M{yN)fN{C jVn) dyN ■ 


( 2 . 10 ) 
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Next we give the exact formula of w%{^',0, X). Setting w = and p = in (12.311 and 

noting (12.8L we achieve the equations: 

r - DivS'(u;^/) = 0, divu;2=0 in R^, 

< Djw\i + DnWj = -hj on R^, 

[ —p^ + 2Dpfwjf =0 on R^ 

with hj = Djwlf + DnWj. We then obtain the formulas (cf. [ITl Section 4]): 

( D _ A 0 AFi \ 

E A). (2.11) 

By (12.101) and (12.111) . 


B-A 


N-l 


^DiAW) ^ 


N-l 


= E ' 0, A) + 0, A)) 


N-l . 


= E 


iUB-A) 


^-ByN 


d[a.b) U 

A^{B - Af 


fk{^', Vn) dyN 


+ 


^-Bvn 


B{B + A)D{A,B) Jo 

Af-l 


fN{^',yN) dyN 


E 


2i^kA^{B-A) 


+ 


(i? + Al)iA(Al,R) Jo 

2A^{B-A) r 
{B + A)D{A,B) Jo 


■Ad {yN)fk{C ) Vn) dyN 
M{yN)fN{i',yN) dyN , 


which combined with (12.1011 furnishes (12.411 . because wn{J,J 0, A) = , 0, A) + 0, A). 

Finally, using the relation: + (R — A)M.{yN) in (12.411 . we have (E3- This completes 

the proof of the lemma. □ 


3 Decompositions of operators 


In this section, we construct the operators S'(t),n(t), and T{t) in Theorem 11.11 and also show the 
decompositions (HU. For this purpose, we first give the exact formulas of the solution (m, 0, h) to 

Am — DivS'(u,0) = / divM = 0 in R(^, 


Xh + un = d 
S(u, 9)v + [cg — Ca-A')hiA = 0 


on R, 
on R, 


N 


(3.1) 


N 


Let (w^p) be the solution to (j2.3[l and (n,7r,h) the solution to the eqnations: 


Xv — Av + Vtt = 0, div n = 0 in R; 


N 
'+ ’ 


Xh Vn = —vun + d 


on R| 


N 

■0 5 


(3.2) 


S{v, 7r)z/ + {cg — CaAJ)hv = 0 


l^g - jIbL' - U on R-Q . 

Then, m = m + m;, 0 = 7r+p, and h solve (EH). Let j and k run from 1 through — 1 and J from 1 
through N, respectively, in the present section. The exact formulas of (M,7r, h) are given by 

vj{x,X) = Tp[vj{^',XN,X)]{x'), Tr{x,X) = J^p[Tr{^' ,xn, X)]{x') 

DiA,B) 


h{x',X) = jr- 


_{B + A)L{A,B) 


(^—wn{^J 0, A) + d(^0) 


{x') 



















(cf. [171 Section 7]), where 

%(e',^iv,A)= + {c, + c.A^)h{^\ X), 

VNie,^N,X) = (cg + c^A^M'A), 


Tr{^',XN,X) = 


{B + A){B'^ + A^) 2 


D{A,B) 

e (Cg + Co■^^)/i(C^ A). 


D{A, B) 

Inserting (12.41) into h{x',X), we have the decompositions: 

vj{C,XN,X) = , XN, X) + vj{^', XN, X), 9 {^',xn,X) = 9^, XN, X) + , XN, X), 


where each term on the right-hand sides is given by 


Vj{^',XN,X) 


^(.C,XN,X) 

V%{^',XN,X) 

9^{^',xn,X) 


9‘^i^',XN,X) 


N 


= E 


Vf^{C,^)ic,+c.A^) 

L{A,B) 


K^l 


K^l 

N 

E 


L{A,B) 

VrK{i',X){c, + c,A^) 
^ A)(Cg -|-Cer^^) 

h 

*Ci(Cg + CuA ) 


e-^("^+^")7ic(e',J/iv)dyAr 

poc 

/ e~^'"^M{yN)fK{^',yN) d-tjN 

'o 

poc 

/ M{xN)e~’^y^fK[^',yN)dyN 

'o 

poo ^ 

/ M{xN)M{yN)fKiC,yN) dyN 


{B + A)L{A,B) 

A{Cg -\- CaA^) 


{-{B - A)e-^-^ + {B^ + A^)M{xn)) d(C'), 

((S + + A^)7W(xjv)) d(C'), 


{B + A)L{A, B) 

K^l 


HAB) JO 

^ X){Cg + CgA"^) 


K=1 


L(A,B) 


"M{yN)fK{i',yN) dyN, 


(B^ + A‘^){Cg + CcrA^) 

L(A,B) 


-die 


where we have set 


Vf,^(r,A) 

V^f(r,A) 

Vil^(e',A) 

V|f(r,A) 

V-7^(r,A) 


iB + A)DiA,By 
i^kA{B - A) 

DiA,B) ’ 
eUB-A)iB^+Ay 
{B + A)DiA,B) ’ 
i^kA{B'^ + Ay 
D{A,B) ’ 
e^kjB - A)iB^ + Ay 
iB + A)DiA,B) ’ 
i^kAiB - A)iB^ + Ay 
iB + A)D{A,B) ’ 

_ ome±ee 

(B + A)i^(7l, B) ’ 


v7f(C',A) 

V|^(C',A) 

v7r(e',A) 

v7;I^(C',A) 


iyAiB - A) 

DiA,B) ’ 
y42(B-t A) 

" ’ 

A)(B2-hA 2) 
(B + 7l)7^(A,S) ’ 

^2(^2 ^2) 

A(B2 + yl2) 

A‘^iB‘^+Ay 
D{A,B) ’ 

*ej7l(B^ + Al2)2 

(B + A)7^(7l,S)’ 


(3.3) 
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{B + A)D{A,By 
^^yB - A){B^ + Ay 
D{A,B) 

2i^kAB{B^ + Ay 


Vj^ir(e',A) 

K^(.y,y 


A^{B^+Ay^ 

~ {B + A)D{A,B)^ 
A{B + A){B^ + Ay 
D{A,B) 
2A^{B‘^ +Ay 
d{a,b) • 


In addition, we see, by inserting (12.51) into A), that h{y, A) = , A) + A) with 


(3.4) 


N-1 


hye,x) = -Y. 


iUB-A) 


{B + A)L{A,B) J, 
A I 


e ^^^Jk{y,yN)dyN 


LiAB)Jo 

N-1 


e fN{y ,yN)dyN 


E 


-AyN 

2i^kAB 


{B + A)L{A,B) Jo 

2A^ r 
+ {B + A)L{A,B) Jo 

'fyif' A) _ ^{A, B) ^ , 

{B + A)L{A,By^^^' 


M{yN)fk y , yN ) dyN 
M{yN)fN{y,yN) dyN, 


(3.5) 


Next we shall construct cut-off functions. Let (p G be a function such that 0 < (p{y) < 1, 

V’iC) = 1 for l^'l < 1/3, and (p{C) = 0 for |^'| > 2/3. Let Aq be a number in (0,1), which is determined 
in Section 4 below. We then define (po and poo by 


= y^'/Ao), </5oo(^') = 1 - piC/Ao), 


(3.6) 


and also set, for a G {0, oo}, g G {/, d}, and F = (/, d), 

Syt-,Ao)F [ e^^F7,yPa{avyy,XN,mx')d\, 

27r* 7r(e) ^ 

Ill{t-Ao)F=^ [ e^*F7,ypa{a7Tye,XNy)]{x')dX, 

^'Xi 7r(e) ^ 

mt-Ao)F = ^ [ e^^Fj;ypaiahye,x)]ix')dx, 

27ri 7r(e) 

Rit)f = 7^ [ e^*F[y[w{y,XN,X)]{x')dX, 

2tti Jr(e) 

Py)f = -^( e^^F7y[p(,y ,XN,X)]{x')dX (t>0) (3.7) 

27^^ Jr(e) ^ 

with ,xn,X) = {vf{y,XN,X),...,vy{y,XN,X)y. Here we have taken the integral path r(e) as 
follows: _ 

r(e) =r+(e)ur-(e), r±(e) = {AGC I A = Ao(e)-fse=^*(’"-'^\ sG (0,oo)} (3.8) 

for Ao(£) = 2Ao(e)/sine with £ G (0,7r/2), where Ao(£) is the same number as in Lemma[2H] (3). Q 

Remark 3.1. (1) If we set 


E E SSit-,Ao)F + R{t)f, 

aG{0,oo} gG{/,d} 

E E Alit;Ao)F + P{t)f, 

aG{0,oo} ge{f,d} 


Figure 1 is reprinted from Ph.D. thesis of the first author. 
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Figure 1: r(e) = r+(e) U F (e) 


nt)F= E 

aG{0,oo} gG{/,d} 

then S{t)F, n(t)F, and T(t)F are the requirements in Theorem ll.il fF). Especially, let S{t) : F i—7> 
{S{t)F,T{t)F) and 1 < p < oo, and then {S{t)}t>o is an analytic semi-group on Xp, defined in 
da , as was seen in m- On the other hand, by Lemma l2.21 {i?(t)}t>o is an analytic semi-group on 
dp(R+), and also R{t) and P{t) satisfy 

for / S Lp(R^)^, .^ = 0,1, 2, and < > 0. These estimates imply that (11.81) holds. 

(2) For a S {0, oo} and g G {/, d}, the extension Aq)F) defined as (11.41) is decomposed into 

£(T^{t;Ao)F) = ^ [ (3.9) 

27^1 Jr{e) ^ 


(3) In the following sections, we show, for a G {0,oo}, that 

Sa{t)F= Y. s^ait;Ao)F, Ua{t)F= Y n®(t;Ao)F, 

T,{t)F= Y n(.t-^Ao)F 

ge{f,d} 

satisfy the estimates dm) and dm, respectively. 

We devote the last part of this section to the proof of the following lemma. 

Lemma 3.2. Let G R^“^ \ {0} and A G {z G C | Rez > 0}. Then L{A,B) ^ 0. 

Proof. Applying the partial Fourier transform with respect to tangential variable x' to the equations (13.11) 
with f — 0 and d = 0 yields that 


AT-l 

XUj{xN) — E if.kii^jUkixN) + i^kUjixN)) 

k=l 


— D]\f{DNUj{xN) + i^jUN{xN)) + iijd{xN) = 0 , 
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N-1 

Xun{xn) — ^ i^kiDNUkiXN) + i^kUNixN)) — 2D%Ui\[{xi\[) + D]\[9(xn) = 0 , 

fc=l 

N-1 

i^kUk{xN) + Dnun{xn) = 0 , Xh + un{0) = 0 , 

k=l 

Dj^Uj^O) + i^jU]\[(0) = 0 , — 0 ( 0 ) + 2Dnun( 0) + (cg + CaA^)h = 0 ( 3 . 10 ) 

for a;AT > 0, where we have used the symbols: 

uj{xn) =uj{^',xn), 0{xn) = d{C,XN), h = h{^'). 


We here set 


u{xn) = (Ml(xAr), . . . , Un{xn)Y', 


f{xN)f{.XN)dxN, 


Jo 

and show that L{A,B) ^ 0 by contradiction. Suppose that L{A,B) = 0 . We know that ( 13 . 101 ) admits 
a solution {u{xN),6{xN),h) ^ 0 that decays exponentially when xat —>■ oo (see e.g. [TTl Section 4 ]). To 
obtain 


N-\ 

0 = APf+ + y] Ukdgf 

3,k=l 

N-1 N-1 

+ 11 X] WDnUj+ i^jUN\\'^ + X{cg + CcrA'^)\hf, (3.11) 

we multiply the first equation of (I3.10p by Uj(xN) and the second equation by MAr(a;Ar), and integrate the 
resultant formulas with respect to Xn G (0,oo), and furthermore, after integration by parts, we use the 
third to sixth equations of (13.101) . Taking the real part of (13.111) . we have 

DnUn{xn) = 0, DnUj^xn) + i^jUN = 0 for Re A > 0. 

In particular, ujv is a constant, but un = 0 since lima;^_>.oo uat = 0. We thus have DffUj = 0, which 
implies that uj = 0 since lima;j^_>.oo uj = 0. Combining Uj = 0 and the first equation of (13.101) yields that 
i^j9 = 0. This implies that 0 = 0 because 0. In addition, by the sixth equation of (|3.I0I) . we have 
(cg + CaA‘^)h = 0. Since Cg + CaA"^ ^ 0, we see that h = 0. We thus have u = 0, 0 = 0, and h = 0, which 
leads to a contradiciton. This completes the proof of Lemma 13.21 □ 

4 Analysis of low frequency parts 

In this section, we show the estimates (fra in Theorem ll.ll f2'). If we consider the Lopatinskii determinant 
L{A, B) defined in (12.11) as a polynomial with respect to B, then it has four roots B^ (j = 1, 2), which 
have the following asymptotics: 


^ g±i(2j-l)(,r/4)^l/4^1/4__ CgA^/'^ 

^ ® 2e±d24-l)(^/4)c+4 g±i(2j-l)(37./4)c+4 


+ 0 (^l°/ 4 ) ( 4 . 1 ) 


as A —)■ 0. Set A± = (^i and then 


A± = ±zc+ 2 yii /2 _ 2^12 ^ + o(yl“/ 4 ) as A ^ 0 . 


zc, 


1/2 


( 4 . 2 ) 


Remark 4.1. For A G He, we choose a brunch such that ReR = ReV X + > 0. Note that A± G Sg 

and Re (A± +^ 2 )^ 0 . 
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We define a positive number Eq by Eq = tan ^{{A^/%)/A^} = tan ^(1/8), and furthermore, we set 
r± = {A e C I A = A± + (cy w : 0 ^ 27r}, 

r± = {A e C I A = -A^ + (AV4)e=^“, w : 0 ^ 7 r/ 2 }, 
r 2 = {A e C I A = -(^^(1 - w) + 7 om) ± i((^^/4)(l - u) + jou), u : 0 1}, 

rf = {A S C I A = — (70 ±ijo) + u : 0—)■ 00 } 

with 7 o = Ao(eo) given by Lemma [2.II f3i and 

70 = i (Ao(eo) + Ao(eo)) = ^ (l + Ao(£o) = ( 4 . 3 ) 

where Ao(eo) is the same constant as in (13.8|) with e = Eq. 1 



Figure 2: r+ (a = 0,1, 2, 3) 


Then, by Cauchy’s integral theorem, we decompose SQ{t-, Ao)F, 11^(1; and £{TQ{t;Ao)F) given 

by (13.711 and (13.911 as follows: For g S {/, d} 


(T—0 


S^,{t-,Ao)F = J2srit-^Ao)F, ng(t;Alo)F’ = ^ng’"(t;Alo)F’, 

CT —0 

£{T^{t; Ao)F) = ^ f Ao)F) 


(4.4) 


(7—0 


with 


Sl^^{t;Ao)F = F^, 


7 ^ [ e^*<fo{C)v^{C,XN,X)dX 

27ri Jr+ury 

nr(t;Alo)F = jr' [ e^*Me)^^ie,XN,X)dX 

27rz Jp+ury 


(x'), 




£{Tt^it-,Ao)F)=F-,^ 


2TTi Jr+ury 


e^Vo(e')e-^"^^®(e',A) dX 


(x'), 


(4.5) 


where ifo{0 is the cut-off function given in (13.611 . In order to estimate each term in (I4.5I1 . we here 
introduce operators K^’’^{t;Ao) and L^’'^{t-,Ao) defined by 


[Kt’’^{t-Ao)f]{x)= I F-^ 


[Li’'^{t;Ao)d]{x)=F-^ 


— 1 


A)A'n(xAr, Vn) dX f , ijn) 


{x') dyN, 


e^*MOinie,X)ynixN)dXd{a 


(x') (a = 0,1, 2, 3) (4.6) 


Figure 2 is reprinted from Ph.D. thesis of the first author. 
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with some multipliers A) and where Xn{xN tVn) and y-nixN) are given by 


XnixN, Vn) = ' 


e-^^^MivN) (n = 2), 

g-B(x^+y„) (n = 3), 

e-^^^MivN) (n = 4), 

M{xN)e~^^^ (n = 5), 

,M{xN)M{yN) (n = 6 ), 


3^n(a;7v) 


^-Axm (n = l), 
^-Bxm (n = 2), 
M{xn) (n = 3). 


4.1 Analysis on Fq 

Our aim here is to show the following theorem for the operators given in (14.51) with cr = 0. 

Theorem 4.2. Let l<r<2<q<oo and F = (f^d) G Lr(Il+)^ x Then there exists an 

Aq G ( 0 , 1 ) such that the following assertions hold: 

(1) Let fc = 0,1> ^ = 0; 1) 2, and a' G Then there exist a positive constant C = C{a') such that 

for any t > 0 


\\d'lDf:,D\,sl'\t-A^)F\\^^f^-^n) < C(f+ iy 

\\dyDf;,D%St-\t-A^)F\\^^^^.) 

{ , AT-l / I 1\ 1^1 1\ k |q' 

2 tr q) 2t2 q) 4 2 
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{£ = 0), 
(£= 1 , 2 ). 


(2) There exists a positive constant C such that for any t > 0 






Il^( k-l\. 

2 \r q } 2\2 q) 


HMIl 


LrlR'^-b' 


(3) Let a G N^. Then there exists a positive constant C = C{a) such that for any t > 0 




. I«l , 


l«l , 


l«l , 


D:V£{T^'°it;Ao)F)\\rr^..<Cit + l)-^(-r--^)-^(i--^)-i-^\\d\\ 


Lr(R'^-l)' 


We here introduce some fundamental lemmas to show Theorem 14. 2 1 

Lemma 4.3. Let Si > 0 (i = 0, 1,2,3). Then there exists a positive constant C = C{sq, si, S 2 , sX) such 
that for any t > 0, a > 0, and Z > 0 

^-So{Z^)t 2Sl^-S2{Z‘3)a ^ ( 7 (. j -« i /2 _|_ 


Lemma 4.4. Let 1 < q,r < oo, a > 0, bi > 0, and 62 > 0. 


(1) Set g{xN,T) = (t“ + (xn)’^^) ^for Xm > 0 and r > 0. Then there exists a positive constant C such 
that for any r > 0 


provided that biq > 1 . 
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(2) Let f € Lr{{0, oo)), and set, for xn > 0 and r > 0, 


poo 

g{xN,T)=J^ — 


fiVN) 


dyN- 


I Lr((0,Oo)) ? 


hq > 1 , 62 r' > 1 . 

By using Lemma 14.31 and Lemma 14.41 we obtain the following lemma. 

Lemma 4.5. Let l<r<2<q< 00 , and let f G LrCR^)^ and d G Lr(R 
A) and A) given below, we set, in (14.61) . 

; /r' w ^n{£, ) A) ^ ) A) 

Kn(? , A) = . p. , inif , A) = 


(xn)^^ + 

Then there exists a positive constant C such that for any r > 0 

ll5(r)|U,((o,oo)) < Cr-“('-^-^+^)||/ 

provided that for r' = r/{r — 1) 

1 


N-l\ 


For multipliers 


L{A,B) 


L{A,B) ■ 


(1) Let s > 0 and suppose that there exist constants Ai G (0,1) and C = C{s) > 0 such that for any 
A G (0, Ai) 

|«i(^',A±)| <C'Al?+^ |«2(e',A±)|<CA5+«, |«3(r,A±)|<CAt+^ 

l«4(r,A±)| <CAi+^ |«5(e',A±)|<C^3+«, |«6(e^A±)|<C^®+^ 

Then there exist constants Aq G (0, Ai) and C = C{s) > 0 such that for any t > 0 

ll^n ^o)/||l,(rN) < + 1) ^ll/llLr(R^) (’^=1)2,6), 


|-f I 


^o)/IIl,(r'V) ^ C'(t +1) ( 2 +8)(,- ,) 
l^5*’°(i;Aio)/||r (R«) < c(t + i)-(^+5)(^-i)-i(i-f)- 


iLr(R):()) 


( 2 ) Let s > 0 and suppose that there exist constants Ai G (0,1) and C = C{s) >0 such that for any 
A G (0, Ai) 

|™i(e',A±)| <CAl+^ |m 2 (C^A±)|<CAl+^ |m3(e', A±)| < CAt+«. 

Then there exist constants Aq G (0, Ai) and C = C{s) > 0 such that for any t > 0 

||L±’°(t; Ao)d|L,(R.) < C{t + l)-^(^-f(n = 1,3), 

||L±’°(t; Ao)d|L,(R.) < C(t + l)-^(^-t)-K2-|)-! 

Proof. We use the abbreviations: || • II 2 = || • ||l 2 (R"-i)’ Hvn) = /(C^ Vn), and t = t + 1 for t > 0 in this 
proof, and consider only the estimates on L))' since the estimates on rj)" can be shown similarly. 

(1) We first show the inequality for K^'^ft^Ao). Noting that B'^ — {B^Y = A — A+, by the residue 
theorem, we have 


[i^+-°(t;Ao)/](a:) = 


Jo Jrt {X-X+){B-Bf){B-B+){B-Bf) 


{x') dyN 


= 47r* 




e^+Vo(?')«^i(C', A+)B)^ 


[{Bt - Bf){Bt - Bt){Bt - Bf) 




{x') dyN- 


(4.7) 
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In view of gU and (021), we can choose ^ (Oj ^i) in such a way that 


oA+O 


<Ce-^\ \B+ - B^\>CAi, \B+ - B+\>CA^, \B+ - B:^\>CAi 


(4.8) 


for any A S (0, Aq) and < > 0 with some constant C. Thus, by Lg-Lr estimates of the (A^ — l)-dimensional 
heat kernel and Parseval’s theorem, we have 




< 


~ W-l / I 1 ^ 

Ct -5-(2-^) 




Ai 


fiVN) 


dyN 


poo 

do 


dyN 


< Ct —J 


N-1 ( 1 1 

2^2 q 

i f 

) 2 / 


Jo 




/(yw)llL 2 (R"-i) 


11/2 +XN +yN 
I - ||/(- ,yjv)||L,.(R^-i) 

0 11/2 + Xn + yN 


dyN 


< Ct 2 ^ ( ) ) 2 


dyN, 


(4.9) 


where we have used Lemma 021 with sq — 1/8, Si — 1 — 1? 8 ), (X — xj\j -\- yNf and. Z — A. If q ^ 2, 

then applying Lemnia[4]4] (2) with a = 1/2 and = 62 = 1 to (|4.9p furnishes that 


||K+’°(t;24o)/|L,(R^)<Cr^(^-^)- 
In the case of {q, r) = (2, 2), by (14.911 


\Lr{Rf)- 


-p-\ 


\\[K+'°{t;Ao)f]{-,XN)h<Ci-^ / 

^0 

and then it follows from 03 Lemma 5.4] that 

||K+’°(t;24o)/|L,(R.) <Ct 


Ae-^^^^+y^^fiyN) 


IL 2 (R?)' 


dyN, 


On the other hand, in the case of 1 < r < 2 and g = 2, by the second inequality of 621), Lemma 14.3 
and Holder’s inequality 

pOO 

||if+’°(t;Ho)/|L,(R.)<Cf-t / \\e-(^"/^^^A^/^e-^y-f{yN)hdyN 

^ Jo 


fo 

iV-1 r 1 i\ 3 f 

<Ct 2 (, r- 2 j 2 / 

^0 

- N / 1 1 ^ 


ll/(•)^/Af)llL,.(R^-l 

0 + (yNy/^ 

ir(R^)’ 


■ dyN 


which implies that the required inequality for K^'^{t; Aq) holds. Summing up the arguments above, we 
see that the following lemma holds. 

Lemma 4.6. Let l<r<2<q< oo, r > 0, and Si > 0 (i = 1, 2). For xn > 0 and f G Lr(R(])^), we set 




pOO 

FixN,T)= / e-^^^"^Ae-^^^^^^+y^^f{e,yN) 

Jo 

Then there exits a positive constant C such that for any r > 0 

||F(r)||L,(( 0 .oo)) < 

Secondly we show the inequality for K^'^y^Ay. We here set 

g Rj ^ _ g Ao, 

M±(a) = -T- for a > 0 . 

^ ^ Bf-A 


dyN- 


16 































In view of m and 63, we can choose Aq G (0, Ai) in such a way that for any A G (0, Ag) and a > 0 


|7W±(a)| = 


|e -®i “ — e "^“1 


< CA-^l^e-^'^ 


(4.10) 


with some constant C. Thus, by the same calculations as in (I4T1) and (EH), we obtain 
||[ib+’°(t;bio)/](-,x;v)||L,(R«-i) 

*r , . . /*00 


~ iV-l / 1 1 'l s 

<Ct 2 U J 2 


dyN-, 


which furnishes the required inequality of Gig) by Lemma 14.61 

Thirdly we show the inequality for Aq). In view of (14.11) and (14.21) . we can choose Aq G (0, Ai) 

such that 

|g-B+ (xm+Vn) I < ^-CA^/\xm+Vn) foj. any A G (0, Ag) 


with some constant C, so that we easily see that by Lemma EH 
||[iG3+’°(t;Ag)/](.,X^)|U,(R.-l) 

< 


< 


iv -1 / I 1 


2 V 2 q 

) 2 / 


Jo 

N-1 ( 1 1 


2 \r q 

) 2 / 


Jo 


dyN 


ll/(- :;/jv)IIl,.(rw-i) 

'g f 1/2 + (xn)^ + (yN)'^ 


dyN- 


Combining the inequality above with Lemma 14.41 (2) with a = 1/2 and 6 i = 62 = 4, we obtain the 
required inequality of Ag). 

Finally we show the inequalities for Aq) {n = 4,5,6). Using similar argumentations to the 

above cases, we have for n = 4, 5 


\\[Kt’°{t-,Ao)f]{-,XN)\\L,iTL--^) < [ 

Jo 


||[<’°(<;Ao)/](.,x^)L^(j,.-x) <cr 


N-1 ( 1 1 

\ ^ r 

2 \r q 

^0 


ll/(- )l/Af)llL,.(RW-i) 

g 11/2 + (xjv)^ + yN 

ll/(- ; 1 /Jv)IIl,.(RW-i) 

g tl/2 + a;Ar + (yAr)-l 


dyN, 

dyN, 


which, combined with Lemma [4.41 12b furnishes the required inequalities of Aq) (n = 4,5). In 

addition, for n = 6 , we have 


\\[K^’yt-AQ)f]{-,XN)\\L,iR--^) 


nOO 

Jo 


dyN 


with a positive constant C, which yields the required inequality of Ag) by Lemma EH 

(2) We consider the case of n = 1, 3. Noting that — (B^)"^ = A — A±, by the residue theorem, we have 

e^+Vo(^')iii«(C', A+)U+ 


Ag)d](a:) = 


-1 


iB+ - B^)iB+ - B^)iB+ - B^) 


— yn{xN)d{^') 


{x'). 


Thus, by (14.81) . (I4.10L Lemma E51 Lq-Lr estimates of the (TV— l)-dimensional heat kernel, and Parseval’s 
theorem, we have 


II 24o)rf](', a;Ar)||L,(RN-i) 

< C't”^(5-|)-f ||e-(^V2)/^l/2g-Aa;;vj(^/)||2 

< Ci ^("■«)”^||d||L,,(RN-i)/(p/'‘ + {xnY^'^)- (4.11) 
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If g > 2, then by Lemma l44l tl'l we obtain the required inequality of Aq) [n = 1,3). In the case 

of g = 2, we see that by the first inequality of (14.111) 


Analogously, we can obtain the required inequality of Ag), which complete the proof of the lemma. 

□ 


Noting that for some A 2 S (0,1) and C > 0 there holds \D{A, B^)\ > CA?!'^ for A S ( 0 ,^ 2 ), we see 
that there exist positive numbers A\ S (0, A 2 ) and C such that for any A G (0, Ai) and j,k = 1,... ,N 

\V%^{£,',\±)\<CAi, |vf,^(r,A±)|<CA5, {£,',\±)\ < CAi, 

|V^^(C',A±)| <CAf, |iP/^(r,A±)|<CA, \Vf^(^',\±)\<CAi. 

Therefore, recalling the formulas (13.3p . (13.41) . (13.5L and (14.51) with tr = 0 and using (12.2p . we obtain the 
required inequalities of Theorem 14.21 by Lemma 14.51 


4.2 Analysis on Ff 

Our aim here is to show the following theorem for the operators defined in (14.51) with cr = 1. 

Theorem 4.7. Let 1 < r <2 < q < 00 and F = (/, d) G x Then, there exists an 

Aq G (0,1) such that we have the following assertions: 

(1) Let fc = 0,1, £ = 0,1, 2, and a' G Then there exists a positive constant C = C{a') such that 

for any t > 0 


2k+\a'\+e 






(2) There exists a positive constant C such that for any t > 0 


(3) Let a G N^. Then there exists a positive constant C = C{a) such that for any t > 0 




|9«l 




We start with the following lemmas in order to show Theorem 14.71 

Lemma 4.8. Let f{z) = + 2z^ + 12z — 8. Then f{z) ^ 0 for 2 ; G {w G C | Rew > 0} \ (0,1). 

Proof. We note that f{z) has only one real root a because /(O) = —8, /(I) = 7 and f'{z) = 32^+4z+12 > 
0 for z G R, and it is clear that a is in (0,1). Let /3 and j3 be the other roots of f{z). Since a + fd + fd = —2, 
we have 2Re/3 = —2 — a < 0. This completes the proof. □ 

Lemma 4.9. Let A G T)*^ and G R'^“^. Then 

^<ReB<\B\<^, \DiA,B)\>CA^ 

for some positive constant C independent off and A. In addition, there exist positive constants Ai G (0,1) 
and C such that |L(A, R)| > CA for any A G (0, Ai). 
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Proof. We first show the inequalities for B and D{A, B). Note that 


B = \/A + ^2 = (4.12) 

since A = + (A2/4)e^*“ for u € [0,7r/2] on rf. Therefore, it is clear that the required inequalities 

of B hold. We insert the identity (14.1211 into D{A,B) to obtain 

D{A, B) = ^ ^(g±i(u/2))3 2(e±*(“/2)^2 i2(e±h«/2)) _ ^ 

which, combined with Lemma [4.81 furnishes that \D{A,B)\ > CA^ for some positive constant C inde¬ 
pendent of and A. 

We finally show the last inequality. By (14.21) 

/ „±iu \ 

B^ - {Bff = h -p — j -p 0(^1°/^) as A ^ 0, 

so that there exist positive constants Ai G (0,1) and C such that 

1^2 _ (^±)2| > c;a 1/2 forany Ag (0,Ai). (4.13) 

On the other hand, we have |il -I- B^ \ < on when A is sufficiently small, which, combined with 

(I4.131I . furnishes that 

\B-Bt\ = foranyAG(0,Ai). 

\B + B^ I 

Since |il — B^\ < |i? — B'^\ as follows from ReS > 0 and (14.IL we thus obtain 

|L(A 5)1 = 1(5 - 5+)(5 - 5r)(5 - 52+)(5 - B^)\ > CA 
for any A G (0, Ai), A G T)*", and a positive constant C independent of and A. □ 

Next, we show some multiplier theorem on T^. 

Lemma 4.10. Let l<r<2<q< oo, and let f G Lr(R-+)^ and d G Lr(R^“^). We use the symbols 
defined in (HU). 

(1) Let s > 0 and suppose that there exist constants Ai G (0,1) and C = C{s) >0 such that for any 
A G and A G (0, Ai) 

|fcn(e',A)| < (n = l,3), \Kie,X)\<CA^ (n = 2,4,5), 

Me,X)\<CA^+\ 


Then there exist constants Aq G (0, Ai) and C = C{s) >0 such that for any t > 0 we have the 
estimates: 


l^^’'(i;Alo)/||r (R-)<C(f + l)-f(^-|)- 


(n = 1,2, 3,4, 5, 6). 


(2) Let s > 0 and suppose that there exist constants Ai G (0,1) and C = C{s) >0 such that for any 
A G and A G (0, Ai) 

\U^\X)\<CA (n=l,2), |4(r,A)| <CAi+^ 

Then there exist constants Aq G (0, Ai) and C = C{s) >0 such that for any t > 0 we have the 
estimates: 


Ln'^{t]A^) 


<C{t + l) 1) 2(2 J) ^ (n = l,2,3). 
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Proof. We use the abbreviations: || • II 2 = || • Hvn) = f{£,',yN), and t = t + 1 for t > 0 in this 

proof, and consider only the estimates on since the estimates on F^ can be shown similarly. 

(1) Since A = —A^ + (A^/4)e™ for u G [0,7r/2] on F^, we have 


[Kt’\t-A^)f]{x) = 






{x') dyN- 


Noting that |e( ^ <Ce (3/4)-4^t f-Qj. gome positive constant C independent of u, and t, we 

see that by Lemma 031 Lg-Lr estimates of the {N — l)-dimensional heat kernel, and Parseval’s theorem 


Ao)/](- ,a:7v)||L,(RN-i) 


< ct —? 


A^-1 { 1 1 

2 V 2 q 


) 2 / 


Jo 




dyN, 


and furthermore, for n = 2, 3,4, 5,6 

\\[K+’\t; Ao)f]{- ,xn)\\l,{ii!^-^) 




dyN 


~ :v-i (1 1 \ s / 

<Ct 2 [2 q) 2 

Jo " ' ‘ 

with some positive constant C analogously, where we have used the fact that for a > 0 and A € F]*^ 

|7W(a)| <a [ \e-^^^+A-L-e))yN\^Q < (4.14) 

Jo 


We thus obtain the required inequality for ylo) (u = 1,. ■ ■, 6) by Lemma l4^ 

(2) Since A = + (A^/4)e™ for u G [0,7r/2] on F)*", we have 


[L'l'^{t\ Ao)d\{x) 


— 

- 




(x'). 


By calculations similar to the case of and Lemma [4.31 

II Ao)d](-, X7v)||L,(Riv-i) 

< f du 

Jo 2 

< + xn), 

and also for n = 2, 3 we have by (14.141) 

ll[-^n’^(^;^o)<^](-,a^iv)||L,(RN-l) < 2 (r 5 ) 2 2 ||d||i^(R_iV-l)/(t + Xat). 

We thus obtain the required inequality for Aq) {n = 1, 2, 3) by Lemma('ll. □ 

By Lemma [4.91 we see that there exist constants Ai G (0,1) and C > 0 such that for any A G F)*^, 
A G (0, Ai), and j, fc = 1,..., 

\V%^{f,',\)/L{A,B)\ < CA-\ |Vf,^(r,A)/L(AB)l < C, 

\Vf^^{£,',X)/L{AB)\ < C, \V^^{£.',\)/L{A,B)\ < CA, 

\V^^{f,\\)/L{AB)\ < C, \Pf^ieA)/L{AB)\ < CA. 

Therefore, recalling (I3.3l) - (l3.5p and (14.51) with a = 1 and using Lemma 14.101 we have Theorem 14.71 
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4.3 Analysis on 

Our aim here is to show the following theorem for the operators defined in (14.51) with cr = 2. 

Theorem 4.11. Let l<r<2<q<oo and F = (/, d) S Lr^R^)^ x Lr(R^“^). Then there exists an 
Aq € (0,1) such that the following assertions hold: 

(1) Let fc = 0,1;^ = 0,1)2, and a' G Then there exists a positive constant C = Cia') such that 

for any t > 0 


\\d^D::D%si’\t;Ao)F\\L^^^.) < C{t+1) 

< C{t+1) 




('i _ i'i _ i ('i _ 1'i 

2 \r q) 2t2 q) 


llLr(R.i;')> 

/■ F\+i 
2 




provided that k + l+\a'\ 0. Ln addition, if {q, r) ^ (2, 2), then 


\\Sl'\t-A^)F\\^^^^.) 

||,So"'’'(i;^o)F||L,(R-) 




(2) There exists a positive constant C such that for any t > 0 

< (^(t + 1) ^(r ,) -4 ||/|12 ,^(rN), 

II vnf (t; 4 o)F|L^(r.) < C{t + i)-^(^-^)-^(^-^)-'||d|U,(R«-i). 


(3) Let a G Nq . Then there exists a positive eonstant C = C{a) such that for any t > 0 


(T/’2(t; 4o)F)||. (R^. < C(t + l)-^(^-i)-^I 




'id^‘2 / j ^ 


Il,.(r«‘) */ |a| ^ 0, 

|Zl“V£:(To"’^(t;24 o)F)L^(r^) < C{t + ||d|U^(R._.). 

In addition, if{q,r) f=- (2,2), then 

||atf(T/’2(t;4o)F)L^(R«) <C(t + l)-^(^-t)||/|L^(R.). 


We start with the following lemma in order to show Theorem 14.Ill 

Lemma 4.12. There exist positive constants Ai G (0,1), Bq > 1, and C such that for any A G and 
A G (0, Ai) 

&Q ^(A-v/l — u + \/u + 4) < ReS < |i3| < bo{A\/l — u + ^/u + A), 

\D{A, B)\ > C{AVT^ +V^ + Af, 

\L{A, B)\ > C{Ay/T^ +Vu + 4^4)4, 

Proof. We fist show the inequalities for B. Set a = \ + A^ and 0 = arg a. Noting that 

A = -(4^(1 - n) + 7ou) + ±f((4^/4)(l - u) + qow) 
for u G [0,1] on r^, we have 


A^ 

\a\ + 4^(1 - m) + 7 ou — A^ < 2(24^(1 - u) + jou + A^) + —(1 - u) + 7 ou 
< 3max(7o,7o)(24^(l - u) +u + A^) < 3max( 7 o,%)(24\/l - u + + 4)^, 
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which is used to obtain 


1 9 Icrl 2 1 IcjI 2 

ReB = lal^cos- = ^(l + cos0)^ = ^ 


Icrl + Recr\ ^ 


1 

72 V 


( \a\^-{Reaf 

a\ — Recr 


> 


> 


{A^/A ){1 -u)+ jQU + (AV8) - (AV8)(1 -u)- (Ay 8)1 
V^(\cr\ + A2(l - m) + 7 oU - ^2)1/2 
iAy 8 )(l -u)+ JQU + (Ays) - {Al/ 8 )u 
v^max(77^,77^)(^-\/l — u + ^/u + A) 

(1/8){A^(1 - u) + 7oM + A^} ^ _ 

v^max(77^,77^)(^'\/l - u + ^/u + A) 24v^max(77^,77^) 


A\/l — u + u + A 


for any A G (0, Ai) provided that Af < 7jo- R is clear that the other inequalities concerning B hold. 
Next we consider D{A,B). Noting that A G C Seq and using Lemma [2. II ('21. we obtain 


\D{A,B)\ > C(eo)(|A|HR)3 > C{eo){AVT^ + + Af. 


Finally, we show the inequality for L{A, B). By (14.21) 

i ?2 _ (B ±)2 = ^ %u - + 271^ + 0(7110/4) 

as 7l —>■ 0, and also we have 

/ 42 \ 2 

-(A^(l -u) + 7om) ± i f ^(1 - m) + Jou - cR^^i/^ j 

= {A^f - u) +-fouf + - u)+ 7 ou^ +CgA-2cy'^A^/‘^ - u) + 7 om^ 

> (^^ 2(1 - m ) + J^^CgA-^ (^^{1-U)+JQU^ 

> — (1 — u) + ^Quf + —CgTl > C ^A\/l ~ u + \/u + 7ll/4^ . 

We thus see that there exist positive constants Ai and C such that for any A G (0, Tli) and A G Ff 


\B-B^\ 


\B^-iBff\ 
\B + Bt\ 


C {Ay/i — u + yfu + A}lf 

bo{Ay/l — u + y/u + A) + cf'^A^A 


> C{Ay/l — U + y/u + A^lf. 


Since |R — B^\ < \B — B^\ as follows from ReR > 0 and (14.IL we have the required inequality for 
L(A, B), which completes the proof of Lemma [4. 121 □ 

Lemma 4.13. Let l<r<2<q< 00 , and let f G Lr(Rf)^ and d G We use the symbols 

defined in dUl). 

(1) Let s > 0 and suppose that there exist constants Ai G (0,1) and C = C{s) >0 such that for any 
A G fJ and A G (0, Ai) 


\kn{f', A)| < C{AVT^ +y/^ + A)-27l|R|* (n = 1,3), 
|fc2(e',A)| < 0(7l\/r^+V^ + A)-27l2|R|", 

\kn(.f, A)| < C{AVT^ +V^ + 7l)-i7l|R|'* (n = 4,5), 
|fc6(r,A)|<07l|R|N 
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Then there exist constants Aq £ (0, Ai) and C = C(s) > 0 such that for any t > 0 and n = 1,..., 6 
we have the estimates: 


provided that s > 0. In the case of s = 0, we have 

+ if{q,r) ^ (2,2). 


(2) Let s > 0 and suppose that there exist constants Ai £ (0,1) and C = C{s) >0 such that for any 
A £ and A £ (0, Ai) 

|C(^',A)| < CiAVl^ +V^ + A^/^)-^A\B\^ (n = 1,2), 

I4(e', A)| < C{AVT^ + V^ + a^^Y^a\b\l 


Then there exist constants Aq £ (0, Ai) and C = C'(s) > 0 such that for any t > 0 we have the 
estimates: 


+ 1) 2 (r ,) 

In the case of s = 0, for n = 1,3, we have 

^0)d\\L^(^RN') < C(t + 1) 2 (r 


2\2 

. 1 ('1 
2^2 


q) 2 V 2 


I) 


I) 


"l|t^llL.(R«-i) (n = 1>3, s > 0), 

■^■*l|t^llL.(R«-i) (s>0). 

«^IMIIl.(RJv-i) if iq,r) ^ (2,2). 


Proof. We use the abbreviations: || • II 2 = || • ||l 2 (R^-i)) Hun) = /(^^ Vn) and i = t+1 for t > 0 in this 
proof, and consider only the estimates on since the estimates on F^ can be shown similarly. 

(1) We first show the inequality for K^’^{t; Ag). Recalling that A = —{A^{1 — u) + ygu) + i((A^/4)(l — 
u) + 7 om) for u £ [0,1] on F^, we have, by (14.61) . 


[Kp^{t-,Ao)fKx) 


noo r ^1 

Jo Uo 


X <{ -(70 - + i ( 70 - )■ du fivN) 


{x')dyN. 


Since it follows from Lemma 14.121 that 

|g{-('4^(l-«)+7oi‘)+j((A^/4)(l-u)+7ou)}i| 


(4.15) 


with some positive constant C, independent of f, A, and t, for any A £ (0,24o) by choosing suitable 
^0 S (0, ^ 1 ), we have, by Lq-L^ estimates of the {N — l)-dimensional heat kernel and Parseval’s theorem. 


II 24o)/](-, a:Ar)||L,(RN--i) 

I'C 

- ( 1 1 \ / 

< Ct —5-i2-ij / 




duf{yN) 


< 


) {A-\/l — u + ^/u + y4)^ 

Jo Jo W'^J 


dpN (4.16) 


dyN 


for a sufficiently small <5 > 0. If s > 0, then we have, by Lemma [4. 121 and Lemma 14.111 with Z = |i?| and 
a = 0, 


r-l g-C|B| i\B\‘^-^mJP) /•! ~ . 


(\/w) 


2-5 




2-5 — 


(4.17) 
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We thus obtain 


II ^o)/i(-, a:Ar)||L,(RN-i) 


N-1 ( 1 1\ 

■’ f 

2 \2 q) 

^0 




dyN, 


which furnishes the required inequality by Lemma 14.61 In the case 

iLj^’^(t; Ao)/ i_j(Riv-i) 


~ N-1 f 1 1\ 

< Ct —^U-?j 

Jo 

Jo (v^)"-^ 

N-lfl 5 /" 

°° ll/(GyAf)llL,.(RN-i) 

Jo 



dyN 


dyN, 


which implies that the required inequality holds by Lemma 03] (2) if we choose a sufficiently small 5 > 0 
and {q,r) ^ (2,2). Analogously, for [t] Aq), we see that the required inequality holds, noting that 
there holds, by (12.21) and Lemma 14.121 

|7W(a)| <a [ < 2 bQA-^e-^^o"/ 2 )Aa 

Jo 

for a > 0 and any A S (0, Aq) by choosing suitable Aq G (0, Ai). 

Next we show the inequalities for Ar+’^(t; Aq) (n = 3,4,5). Note that by Lemma [4.121 we have 


|M(a)| = 


|e-^“ - e-^“| 
\B-A\ 


<C\B\- 


^-CAa 


< C- 


y/u 


(4.18) 


with a > 0 and some positive constant C for any A G (0, Aq) by choosing suitable Aq G (0, Ai). Then, 
by (|4.15p and Lemma 0311 there holds 


II l^n’^(i; ^o)/](-, a;Ar)||L,(R«-i 


~ iV-1 ( 1 

< Ct 2 (2 gj 


3 (A\/l — U yju + A)-^/^ 


dufijjN) 


dyN, 


which furnishes that the required inequalities of Ar^’^(t; Aq) (n = 3,4, 5) hold in the same manner as we 
have obtained the inequality of iL^’^(t; Aq) from (14.161) . 

Finally, we consider Aq). By (14.171) and (033), we have for s > 0 


II [^6^’^(^; ^o)/](', a;iv)||L,(RW-i) 


~ N-1 ! 1 1 \ 

<Ct 2 (, 2 J 


< ct 

< ct —? 


^-1 / i _ i 'i 

2 V 2 q) 


N-\ (1 1 \ 

2 q) 


e 2 *e ^ipQ{i')A\B\‘^M{xN)J^{yN)duJ{yN) 




2-S 


~ N-1 ( 1 1 

1 “ f 

<Ct 2 1. 2 5 

^0 


i'/u) 

^-(AC2)tj^^-CA{xM+VN) 


dyN 


dyN 


dyN 


dyN 


by choosing sufficiently small 5 > 0. We thus obtain the required inequality of KQ’^{t;Ao) by Lemma 
31if s > 0. In the case of s = 0, since it follows from Lemma [4. 121 that 

\Mia)\<a f < a / dO 

Jo Jo 

f ^ 

b-iAa / (a>0, AGr+) 

Jo 


< ae 
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for any A G (0, Ag) by choosing some ^g G (0, Ai), we easily obtain by Lemma 
^o)/](-, a;w)||L,(RN-i) 


- N-l ( 1 1 \ 

< Ct 2 V 2 5 j 




ipo{C)AM(xiv)M{ vn) du/{ vn) 


dyN 


~ iv-i /1 1 'l 

< Ct 2 [2 g) 


xnVn 


fivN) 


^-Cui -CCttvxNp-CAtti’UN 


[0,1]3 


g „„_g g ^dudipdtpdyN 


dipdip 


^ 1 '°° XNVNWfi- ,yN)\\Lr.iR^-^) 

~ Jo + XN + yN ^^[ 0 , 1]2 i + {^xnY + {i^yNY 


dyN 


for some positive constant C. The change of variable: iplJN = {^+ [vxnYY^'^^ yields that 

dY 

- {YyNY 

1 1 {i+i^xN^y/^ 


lo i+ {(pxnY + (YyNY 


< 


i + [(pxnY Jo 1 + 


■dl< 


C 


yN 


VNi^/'^ + ipXN) 


for a positive constant C, so that 




< cr 


1'°° XN\\f{-,yN)\\Lr.{R^-^) y dip 

+XN +yN Jo + LpXN 




dyN 

dipdyN 


lo (Y/'^+xn + VnY ^ Jo + xn + yNY{i 2 + ^^xn) 
for any 0 < (5 < 1. By the change of variable: (fXN = we then have 


dip 


< 


dip 


lo {i2 + Xn + yNYii^ + ipXN) Jo + ipXNYiYf^ + ipXN) 

dip 


< c 


< 


g tii+s)C + {pxnV+^ 

roc ^1/2 


c 


l{l+S)/2 


1 + xn 


di< 


C 


XNt^/'^ 


with a positive constant C, which furnishes that 
ll[^6^’^(^;24g)/](-,a:jv)||L,(RN-i) < Ci~ 


N-l (1 1 

2 \r q 

\ <5 f 



Jo 


ll/(- )yAf)llL.(R'^-i) 


„l-5 , „.l-5 
l-N 


Vn 


TT dyN- 


We therefore obtain the required inequality by Lemma lT4l l2l by choosing a sufficiently small (5 > 0 when 

( 9,0 Y (2,2). 

(2) First, we show the inequality for Ly^(t; Aq). Noting that A = —(A^(l — u) + ygu) + i((A^/4)(l — 
u) + 7 gu) for u G [0,1] on F^, we have, by (I4.6L 


Ag)d](x) 




/*1 

Jo 


X <{ -(70 -Ay + i[jo - )■ dlY) 


ix')- 
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In a similar way to the case of Aq); we have by (j4.17|) and Lemma 14^3 

Ao)d](- ,a;7v)||L,(RN-i) 


< Ct 2 (2 q) 

^ N-1 ( 1 l\ 

< Ct 2 [2 q) 




dud{^') 


~ N-l ( 1 1 \ s 

< Ct 2 U J 2 


Jo {Ay/1 -U + ^/u + y41/4)2 


(4.19) 

(4.20) 


We thus obtain the required inequality by Lemma [4.41 (1) if s > 0 and q > 2. In the case of s > 0 and 
q = 2, by (14.2011 and using (14.1711 again, we have 


|Li’ (t;^o)d||i2(RN) < C 


r-i 


(v^)2-^ 
~ W^-l ! 1 1 ^ a ,, ,, 

<Ct 2 ir 2 ) 

If s = 0, then we have by Lemma [4.31 and Lemma [4.121 
||[L+’^(t; ^o)'i](-,a:Af)||L,(R«-i) 


due-^^^/'^'>*d{C) 


< Ct —5- 




Iq {Ay/l - U + y/u + ^41/4)2 


dud{/') 


^ N-IM ly 

<Ct -5-(2-T?j 


3T dueA^ /2)t^(l/2)-(5/4)g-Ax„ 


{y/u)"^-^ 


(4,21) 


which, combined with Lemma |4.4I (1), furnishes that the required inequality holds for g > 2 by choosing 
a sufficiently small 5 > 0. In the case of s = 0 and g = 2, by (14.2111 and Young’s inequality with 
1 + (1/2) = (1/p) + (1/r) for 1 < r < 2, we have 


||L+’^(t;24o)d|L,(R.) < (4.22) 

We use the following proposition proved by m Theorem 2.3] to calculate the right-hand side of (14.2211 . 

Proposition 4.14. Let X be a Banach space and || • ||x ds norm. Suppose that L and n be a non-negative 
integer and positive integer, respectively. Let 0 < ct < 1 and s = L -\- a — n. Let /(^) be a C°°-function, 
defined on R" \ {0} with value X, which satisfies the following two conditions: 

(1) D’^f S Li(R"', Y) for any multi-index a G Nq with |q;| < L. 

(2) For any multi-index a G Nq, there exists a positive constant C{a) such that 

Pr/(?)||x < C(a)|^|^-H (eeR"\{0}). 


Then there exists a positive constant C{n,s) such that 

ll•^^■^[/](a’)IU < ^( 71 , 5 ) (" max C(a)^ |a;r(”+") (x S R” \ {0}). 

\\a\<L+2 J 

By Proposition 14.141 with n = A^ — 1, L = A^ — 2, and a = 1 — 5/4, we have 

for a positive constant C, and furthermore, by direct calculations 
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We thus obtain 




c 


f' - i(l/2)(Ar-l-5/4) + |2;/|(Af-l-5/4) 

for some positive constant C. Therefore, by choosing a sufficiently small 5 > 0, we see that 

since p>lbyl<r<2, which, combined with (14.221) . furnishes that the required inequality holds. 
Summing up in the case of s = 0, we have obtained 




■ 2 Vr 2 


(^-I)||d|l 




for some positive constant C and l<r<2 <5<oo when {q, r) ^ (2, 2). 
Concerning Lj’^(t;24o), we see, by Lemma [4.31 that 


WlL^’ (t;24o)d](-,a;iv)||L,(RN-i) 

~ ( 1 1 ^ s 

< Ct 2 U J 2 


~ ^-1 { 1 1 ^ s 

< Ct 2 I 2 g J 2 


g-(A /2)tg-C|B| 




t+(a;jv)^ i+{xNY 


which, combined with Lemma 14.41 111, furnishes the required inequality for L^’^(t;24o). 

r+ ' 

^3 


Finally, we show the inequality for Aq). We easily have by (14.181) and Lemma [4.121 




a:w)ll 


L,(R«-i) 


- w-i / 1 1 'l 

< Ct 212,1 


-■1 (AC2)C-C\Bfi 




{A^l - u + ^/u + A^A)^/u 


dud{^') 


for a positive constant C. We thus obtain the required inequality in the same manner as we have obtained 
the inequality of Aq) from (14.191) . □ 

Corollary 4.15. Let l<r<2<(7 < oo, and let f G Lr(R+)'^ and d G Lr(R^“^). We use the symbols 
defined in 

(1) Let a G and we assume that there exist positive constants Ai G (0,1) and C such that for any 
A € r 2 and A G (0,24i) 


\kiiC, A)| < CiAVT^ + Vfi + A^I^Y^A, 
Ki(C',A)| < C{A^/^^+Y^ + A^/Y~*\B\f 


Then there exist positive constants Aq G (0, Af) and C = C{a) such that for any t > 0 and n = 1, 2 

||iA“atiL±’2(t;Alo)/L,(R^) <C(t + l)-^(^-^)-^||/L^(R^) */|a|^0, 

\\D:yL^-Yt;Ao)d\\L,^^N) < C{t + 

In addition, if [q, r) ^ (2, 2), then we have for any t > Q and n = 1, 2 

^o)/IIl,(r«) < +1) ^ I1/I1l,.(r^)- 
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(2) Let A: = 0,1, ^ = 0,1, 2, and a' G ^. We assume that there exist positive constants Ai G (0,1) 
and C such that for any A € and A € (0, Ai) 

Me, A)| < C{AVTM +M + AM A, 

\kn{e, A)| < C{AVTMt + M + AMA\B\ (n = 4,5), 

|fc6(e', A)| < CiAVTM + M + 

Me, A)| < c{aVTMl + M + aM~*a, 

MA, B)\ < C{Ay/lM + M + A^Ays^^ 


Then there exist positive constants Aq G (0, Ai) and C = C{a') such that for any t > 0 

\\dMiDeKM{t-Ao)f\\L^^j,y 

<(7(^ + 1) 2 (r J ^ 2 ||/|li^(R^N) (n = 3,4,5,6), 

WdMiDMMit-AMWL^iiiy 

N-l { I l\ 1/1 lA . |a'|+^ 

<C{t + l) 2 e J 2(2 J 2 lldlli^(Riv-i) (n = 2,3), 

provided that k + (. + \a'\ 0. In addition, if {q, r) 7 ^ (2, 2), then there hold for any t > 0 

^o)/||l,(r'') ^ C'(t + 1) «^||/||l^(rN) (n = 3,4,5,6), 


Proof. We only show the inequalities for Kf’‘^{t), KA^{t), and The other inequalities can be 

proved by Lemma 14.131 directly. By (14.61) 


dM:'[KMit-Ao)f]{x) 


pCO 

L p' 

Jo 


c^^MeMeer Me, x)xMN,yN) dx fie, vn) 


(x), 


dM:''[LMit-,Ao)d]ix) = Me 

for n = 5, 6 . Since by Lemma 14.121 

Meer'knie,^)\<c 


e^*Me)^Aier e3{e,^)MixN)dxdie) 




j iAVTM+M + AMA\BMA'\ in = 5), 
\a\BMA'\ in = 6), 

MiieT'hie,^)\ < iAVTM + M + AAMM\BMA'\ 


for A G and A G (Oj^lo) by choosing some Aq G (0,24i), we obtain by Lemma 14.131 


\\dM:'M'\t)f\Mny<Cit + l)Mif-M>^-Myy^^^,^ (n = 5,6), 

\\ 9 tDx'L^''^it)d\\L,(Rf:)^C!it + l) 2 (r ,) 2(2 ,) 2 ||d||i^(RN-i) 

for any t > 0, provided that fc + |a'| 7 ^ 0. In the case of A: + |a'| = 0, we have by Lemma 14.131 

ll^n’^(^)/II l,(R") ^ C'(^ + 1) ll/llLr(R^) (»T- = 5, 6), 

WLMmiLM < cit + 


(4.23) 


(4.24) 
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when {q, r) ^ (2, 2). On the other hand, by (j2.2ll 


d\DiD%\Kt'\tmx) = (-1)^ 


^±,2 


-p-l 


+ L V 


e^Vo(e')A"(*r)“'(S + A)^-ifc5(e',A)e-^("«+^«)dA/(e',yjv) 


{x') dyN 


e^Vo(C')A"(*r)“'Al'fc5(r,A)7W(xAr)e-^^-dA/(r,2/^) 


(x') dyN 


d!^D^:DUKf’^{t)f]ix) = {-ly 


^±,2 


J^yy I , e^Vo(e')A"(*r)“'(S + Al)^-ifc6(e',A)e-^"«Ad(2/jv)dA/(r,yjv) 


- \i 


e^^Me)X'^{iyr'A^ke{e,X)M{xN)MiyN)d\f{C,yN) 


{x') dyN 

(x') dyN >, 


d!^Dy,Dy[Lf’^mi^) 

U- 

e^Vo(e')A"(»C')“'Al'4(r,A)M(xw)dA/(e',yjv) 


= (-i)'^<; j^yy e^Vo(e')A"(*e')“'(s+ Ay-H^ie, \)e-^--d\ ne, vn) 


(xO 




(x') 


for £ = 1,2. Since by Lemma [4.121 

\x^{iy)°‘'{B + Ay-^h{y, a )| < ciAvr^+Vu + A)-^A\By'^+\°'\+‘^ 
\x'^{iy)°''A^h{y, A)| < c{Ay/T^+yyii+Ay^AiBy’^+^^'^y 
\X^{iy)°‘'{B + Ay-^ke{y, A)| < C'(A^/^^ +Vu + A)-^A\B\‘^'^+\°‘'Ay 

\X'^{iy)°^'A^keiC,X)\ < C'A|B|2'=+I“'I+^ 


for any A S Pf and A G (0 , Aq) by choosing suitable Aq G (0, Ai), we have by Lemma 14.131 


for £ = 1, 2. In addition, 

|A'=(i^')“ (S + Ay-^isiy, A)| < C(AVT^ +^AI+ ^l/4)-4^|5|2fc+|a'|+^ 
IX/^yy)»'A^£3(y, A)| < C(AVT^ + ^yd + Ai/4)-3^|5|2fc+|a'|+^ 


(4.25) 


for any A G and A G (0 , Aq), and therefore by Lemma 14.131 


HdtD::D^^L^’yt)dn 


L,(Rl' 


<c(t + i)-^(^-l)-KI-|)-'=- 


\c^'\+e 


ll^ll 


Lr(R.'^-b 


for £ = 1, 2, which, combined with (I4.23L (I4.24L and (I4.25|l . furnishes the required estimates for Kf’'^{t), 
and Lg’^(t). This completes the proof of Corollary 14.151 □ 

By Lemma [4.121 there exist a positive number Ai G (0,1) and a positive constant C such that for 
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j, fc = 1,..., iV, A G r^, and A G (0, Ai) we have 


Vil^(e',A) 

CA 

Vil^(^',A) 

CA\B\ 

L{A,B) 

~ (4V1 - u + Yu + 4)2 ’ 

C'4|S| 

L{A,B) 

Vjr^(^',A) 

~ (4V1 - u + \/u + 4)2 ’ 
C'4|5|2 

L{A,B) 

Vf^Y,X) 

“ (4V1 -U + y/u + 4)2 ’ 

CA 

L{A,B) 

Vf^{C,X) 

“ (4V1 - U + y/u + 4)2 ’ 

CA^ 

L{A,B) 

~ (4\/l — u + yfu + 41/4)‘l ’ 

L{A,B) 

~ (4\/l — U + y/u + 41 / 4 ) 


and furthermore, 


\AIL{A,B)\ < CiA^/T^ + ^/^ + A^/‘^)-^A, 
\{A{B^ + A^)}/{{B + A)L(A, B)}| < C{AVi^ + A^/^Y^A, 
\D{A, B)/{{B + A)L{A, B)}\ < CiAVT^ +V^ + A^/Y~*\B\^- 


Therefore, remembering (lioii-inm. and (H31) with tr = 2, and using Corollary 14.151 we have Theorem 
14.111 This completes the proof of Theorem 14.111 


4.4 Analysis on 

Our aim here is to show the following theorem for the operators defined in (14.51) with cr = 3. 

Theorem 4.16. Let l<r<2<q< oo, {a', a) G x N^, and F = (/, d) G Lr(R-+x 

Then there exist positive constants Sq, Aq, and C such that for any t > 1 

II(t; 4o)i^, Vn^’^(t; 

+ \\iD::sf’^it;Ao)YD:dt£{Ti'^YAo)F),D:V£iTi’^it;Ao)F))\\^^^^^ 

< Ce ‘^‘’*||/|1l,,(rN), 

4o)F, Vnf (t; A,)F)Y^^^.^ 

In order to show Theorem 14. 161 we start with the following lemma. 

Lemma 4.17. Let l<r<2<q< oo, and let f G and d G IFe use the operators 

defined in (gH) with the forms: 

knie, A) = ^uiC, Y/L{A, B), YY', A) = m„(e', A)/L(4, B). 

(1) Let s > 0 and suppose that there exist positive constants Ai G (0,1) and C such that for any A G T 
and A G (0, Ai) 

A)| < C(|A|1/2 + 4)2(n = 1,2,4,5,6), {ksY', A)| < Ci\X\^/^ + 4)24F 
Then there exist positive constants do, Aq G (0,4i), and C such that for any t>l 
\\KYHt; 4o)/|L,(r«) < = F • ■ ■, 6). 

(2) Let s > 0 and suppose that there exist positive constants Ai G (0,1) and C such that for any A G T 
and A G (0, Ai) 

A)| < C(|A|1/2 ^ ^ 

|m3(r, A)| < C|A|1/2 (|a| 1/2 + 

Then there exist positive constants Aq G (0, Ai), Jq, and C such that for any t > 1 
ll^n^ o)<^||l,(rW) < iFe ^“‘||d||L,,(RJv-i) (n = l,2,3). 
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Proof. We use the abbreviations: || • II 2 = || • Hvn) = f{£,',yN), and t = t + 1 for t > 0 in this 

proof, and consider only the estimates on because the estimates on F^ can be shown similarly. 

(1) First, we show the inequality for Noting that A = —70 + ijo + for u G [0,oo) on 

F|^, we have, by dm). 


[Kt'%t)f]{x) = I 


- 1 




xy^o(C 0 dufivN) 


(x') dyN- 


Since e * < Ce * for any A G (0,Ao) by choosing some Aq G (0, Ai), we obtain by Lemma 

12.11 fSb Lg-Lr estimates of the {N — 1) dimensional heat kernel, and Parseval’s theorem 




< 


ct —^u-?) 


MO 


■/', -(70 + «COS£o)* 


^1+fi 


g-A(x^+y^) dufiyN) 


dyN 


< Ci 2 (2 J)g ( 7 o/ 2 )t 


^00 ^00 g —u(cOS£o)t 


|A| 


fiyN) 


dyN 


pOO 

Jo 


dyN 


for any t > 1 with some positive constant C, where we note that |A| > 700 on Fj^" and A® < C on suppy>o- 
We thus obtain the required inequality of Aq) by Lemma 17^ Analogously, we can show the case 

of n = 2,4, 5, 6 by using the fact that 


,-Ca 


|e-““| < Ce-^^, |7W(a)| < C|A|-7-^“ < Ce 

for any a > 0 and A G F^ with some positive constant C by Lemma ITT] (1) and ( 12 . 2 L 


(4.26) 


We finally show the inequality for Aq). By IFolder’s inequality and (I4.26L we easily have for 


r' = r/{r — 1 ) 

II ^o)/](-, a^7v)||L,(RN-i) 


^00 ^ — u{cOS£o)t 


g-C|A| 2 (x 7 ,+yA,) 


dyN 




00 -u{cosso)t -C\\\2 XN / r°° 1 \ 


|A| 


/•oo 1 \ i/r* 

dyAfj rfM||/||L,(R(V), 


Therefore, we see that 




pOO 


g —li(cOS £0)* 

|\|l + l/( 29 ) + l/(2r 


- rill I 


for any t > 1 with some positive constant C. 

(2) Employing an argumentation similar to (1) and using (j4.26p for Aq), we can prove (2), so that 

we may omit the detailed proof of (2). This completes the proof of Lemma [4. 171 □ 

We see that by Lemma lTTl there exist positive constants Ai G (0,1) and C such that for any A G (0, Ai) 
and A G F^ we have 

|Vfy (r, A)| < C, |Vj|^(C', A)| < CA, A)| < CA, 

|V)7^(r,A)| ^CA, |iP/^(e',A)|<CA, |iP/^(e',A)| <CA 

for j,k = 1,..., N. Therefore, remembering (I3.3l) - (l3.5p . and (14.51) with tr = 3, and using Lemma 14.171 we 
have Theorem 14.161 This completes the proof of Theorem 14.161 
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We finally consider the term 9t£’(T,f (t; Aq)F) given by 

dt£{T^{t;Ao)F)=T^^ 


1 f ^,tMC)XD{A,B) 


— T~^ 


— T~^ 


2Tri 7p {B + A)L{A, B) 

^ W) 

1 f _^^tipo{C)A{Cg + CgA^) 


die) 


ix') 


^J^e^UXMOe-^^^die) 


2m 


L{A,B) 


■d\, 


-Axn rKC 


die) 


i^'), 


where we have used the relations: DiA,B) = [B — A)~^{LiA, B) — Aicg + c^A^)} and B"^ — A^ = A. 
Note that the first term vanishes by Cauchy’s integral theorem, so that it suffices to consider the second 
term only. Set 


/±(f;Alo) = -J-^7 

y Le 
A G (0, All) 


„\t<Poie)Aicg + c^A^) 


1 , 

27ri 7p± .^(aI, B) 


-AxnMH 


die) 


ix') (a = 0,1, 2, 3). 


Since by Lemma [4.121 there exist positive constants Ai G (0,1) and C such that for any A G lJ and 


\Aicg + CaAeiLiA, B)\ < C(A\/1 - u + y/u + A^/'^) “^A, 
by Lemma [4. 131 we have for f > 0, a G with |a| yf 0, and l<r<2<g<oo 

r± 


yf (2,2), then we also have 


with some positive constant C. If (g, r) yf (2,2), then we also have 

In addition, by Lemma 14.5114.101 and 14.171 we have 

/i„Mi ,, ^ I 1 ^-■^)-'l(^-y)--^ 11^1 

la r± 


AIo)|L,(r.) < Cit + l)-^(7-|)-KI-i)-¥||d||p^(jp„_,) (n = 0,1), 


for any f > 1, a G and l<r<2<g<oo with some positive constant C. Thus, we have 
||iA“5tf(ro‘'(<;Alo)F)||p^(R^) 

<(7(^ + 1) ||d||Lr(R.-~‘“b (1 ^ ^ ^ 2 < g < oo, |q;| y^ 0), 

\\mT^it-A^)F)\\^^^^.) 

< Cit + 1) (l<r<2<g<oo and (g,r) yf (2,2)) 


for any t > 1 with some positive constant (7, which, combined with Theorem 14.2114.7114.111 and 14.161 
completes the proof of (11.61) in Theorem ll.il (21. because 

set)F= Y. ^5®’"(f;Aio)F, no(t)F= ^ ^nr(i;Ao)F, 

ff6{/,d}<T=0 gg{/,d}cr=0 

To(f)F= ^ ^r®’"(f;Alo)F. 

S 6 {/.d} <T =0 

5 Analysis of high frequency part 

In this section, we show the estimate (ini) in Theorem ll. 11 (21. If we consider the Lopatinskii determinant 
L(A, B) defined by (12.11) as a polynomial with respect to B, it has the following four roots: 


Bj a, A + _ H ^ 


(l + 3a))c2 1 


as A —>■ oo. 


(5.1) 
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where aj (j = 1,..., 4) are the solutions to the equation: + 2x‘^ — 4a; + 1 = 0. We have the following 

informations about aj: ai and 02 are real numbers such that ai = 1 and 0 < 02 < 1 / 2 , and 03 and 04 are 
complex numbers satisfying Recj < 0 for j = 3,4. We define Xj by Xj = Bj — for j = 1, 2, and then 

Xi =——A ——cl + 0( — ), X 2 =—(1 — + — - 3 -A + 0(1) as A —>• 00 . (5.2) 

2 16 A 2(1 — 02 — 02 ) 

Let Lo = {A G C I L{A,B) = 0, ReB > 0, A G suppvJoo}, where (poa is defined in (13. 6 L and then we see, 
by the expansion formulas (Ol) . (lOl) . and Lemma l3. 21 that there exist positive numbers 0 < Soo < 7 r /2 
and Aoo > 0 such that Lq C fl {z G C | Rez < —Aoo}- Set 700 = min{Aoo,4“^ x (Ao/ 6 )^} for Ag 
defined in (13.611 . and set, for (13.711 and g G {f,d}, 

Si,it) = Si,it;Ao), n^(t)=n^(t;Ao), T^{t) = Ao). 


In order to estimate each term above, we use the integral paths: 


r 4 = {A G C I A = - 7 oo ±iu, u:0^ 700 }, 

= {A G C I A = -7oo ± i7oo + u : 0 00 }, 

where 700 = (tan£oo)(Ao(eoo) + 7 oo) and Ao(eoo) is the same constant as in (13.811 with e = £ 00 - Further¬ 
more, for g G {/,d}, setting v^{x,X) = ■ ■ ■,v%^^{x,X)V and 

A) = T^^[p^{^')iAj{^\xn,X)]{x') (j = 1,... ,1V), 

T^Lix,X) = J/;^[v 5 oo(C')^®(^'.a;Ar, A)](a:'), 

^looA) = ie, A)] {x') 

by fl3.3p - (|3.6p . we have, by Cauchy’s integral theorem, the following decompositions: 

55 5 

S^^{t)F = Y,S^^^it)F, ng,(t)F = ^ngi-(t)F, £{T^{t)F) = Y,£{T^^t)F), 


(7—4 


a—4 


where the right-hand sides are given by 

= ^ f e^‘u^(a;. A) dA, ngi'^(t)F = ^ [ e^V^(a;, A) dA, 

27rz dr+ury 27rz Jr+ury 

£{T^A^{t)F) = ^ f e^^h%^ix, A) dA. 
zm Jr+ur- 


(5.3) 


By the relation 1 = B'^/B'^ = (A -|- A^)/B‘^, we write u/),, tt^, and ^ as follows: For j = 1,... ,N, 
fjiVN) = fj{C,yN), and Poo = PooiC), 


N 


d.oo(a^>A) = ^ 
k^l ' 

^ poo 

+ Y. 7;' 

^ pOO 

+ T. f A' 


Po 


rj|^(C'.A)(cg 


AL{A,B) 


'‘fkiVN) 


A|A|-^Vffe^(e',A)(c„+c„A2) 

‘Poo - ATOOT^A TO\ - AjAl^C ^ ^ M (v n) fk {V n) 


N 


+ E/ A' 

k=A° 

^ poo 

+ T. f 7 ;' 


k=l • 


Po 


Po 


Po 


AB^L{A,B) 
Vil^(r,A)(cg + c.A2) 


(x') dypf 
{x')dyN 


B^L{A,B) 

A|A|-^V/r^(f,A)(cg+c.A2) 

AB‘^L{A,B) 

V)r^(e^A)(cg + c.A^) 


M{yN)fk{yN) 


{x') dyN 


A\X\^M{xN)e-^y’^fk{yN) 


{x') dyN 


B‘^L{A,B) 


A^M{xN)e-^^^fk{yN) 


{x') dyN 
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N 


Ey 

fe=l-^0 

^ pOD 

T. L 


v^^(r,A)(c,+c.A2); 

</5oo- Ar.2TtA D^ - {xN)M{yN)fk{yN) 


k=l • 


V5c 


AB‘^L{A, B) 

Vjr^(r,A)(c,+c.A^) 


(xat) (2/A^)/fc (yA^) 


TV 




fc=l 


AT 


E 


fc=l ' 


/o 

^oo 

N-1 


AB‘^L(A, B) 

'Pk^iC,>')iCg +CaA‘^) 


{x') dyN 
{x') dyN, 


V. 


A^L{A,B) 


AL{A,B) 

A^e-^^^M{yN)fk{yN) 


fkijjN) 


A)(Cg + t2-Ax 


hiooi^,X)=-Y. 


fc=i 




F-i 


.•’“lob)'*'"''"”’*''’'"’ 


A{B + A)L{A, B)' 

{x') dyN 


{x') dyN 

{x')dyN, 

(x') dyN 


N — 1 «oo 

T. [ V 


k=l - 

POO 


‘Po 


2i^kB 


j—1 


A4(B + y4)L(A, B) 
2A 


A2^-Ax, 


M{yN)fk{yN) 


{x') dyN 


y>o 


A^e-^--M{yN)fN{yN) 


(x')dyN- 


(5.4) 


'{B + A)L{A, BY 

Moreover, using the relations: 

pOO pOO 

e-^""?(0)=/ Be-^^^^+y^^g{yN)dyN- dj/vr, 

Jo Jo 

M{xN)g{0) = J + AM{xn+ yN)jg{yN)dyN 

poo ^^ 

+ / M{xn + yN)DNg{yN) dyN, 

Jo 

where g{yN) = g{Y, Vn), and using the identity: 1 = A‘^/A‘^ = — Y2k=i /A"^, we write v^, n^, and 

h\ ^ as follows: For j = 1,..., iV — 1, 


(5.5) 


Uix,x) = - 

Jo 


A^L{A,B) ® ^d{yN) 


AT — 1 poo 

+ E f A' 


fc=l 


(O _ A){Cg+CaA ) -BjxN+VN) jYYJYYd(vN) 

A3(B + yl)L(Ai?) 


^0 

N-1 


■p-l 

J-^, 




iijiB’^ + ^^)(Cg + Co-A^) .2 


-E ^7^ 


fe=l 


<Po 


A^{B ^ A)L{A,B) 
ijikjB^ + dl^)(Cg + Cc^AQ 

' A^{B + A)lIa,B) 


A^M{xn + yN)^'d{yN) 


(x') dyN 

(x') dyN 
x') dyN 


A^M{xn + yN)DkDNd{yN) 


{x') dyN, 


Xn.oo (x, ^) — — \ 'Too 


■^N^oo \ 
N-1 


(B - A){Cg + -B(x„+y„) a7)]( 

A{B + A)L{A,B) ® ^cl[yN) 


{x') dyN 


E / ^7^ 


k^l 






Vo 


AT — 1 p(X) 

-T. 


A‘^L{A,B) 

(B^ + A'^){Cg + CerA^ ) ^2 

A2(B +A)L(A,B) 

i^kjB^ + ^^)(cg + CgA^) 


fc=i 


V- 


zgfc(cg + c^A^) 

(xiv + 2/jv)A'fi(yAr) (x') dj/w 
A^M{xn + yN)DkDNd{yN) I (x') dj/Ar, 


A3(B +A)L(A, B) 
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= - 

N — 1 «oo 

+ 1:/ 

k=i -^0 

hXoo(.x,X) = - 

N—1 „cso 






+A'^){Cg + + 


A‘^L{A,B) 


^A'd{yN) 




^ A3L(!4 V Ae-^^--+y-^l^d{yN) 


-T-l 

J-^, 


in _ A'd(vM) 

^°°A2(i3 + A)L(AB) 


E 

/c=l 


^-1 




(cc') dyjv 
(a:') d^Tv, 
(x') dyjv 
(x')dyN. 


(5.6) 


Remark 5.1. We extend d G Wp ^ ) to a function d, which is defined on R()^ and satisfies 

ll'^ll w 2 (r'V) ^ C'||d||^ 2 -i/p|.j^jv-i) for a positive constant C independent of d and d. For simplicity, such 
a d is denoted by d again in the present section. 

To estimates all the terms given in (15.41) and (15.61) . we introduce the following operators: 

poo 

[Ki{X)f]{x)= / J-jT' ^^{e)ki{e,X)Ae-^^--+y-^f{e,yN) {x')dyN, 

Jo L -I 

poo 

[K 2 {X)f]{x)= / ^^{ak 2 {i',X)A^e-^-^M{yN)J{i',yN) {x')dyN, 

Jo L -I 


[K 3 {X)f]{x) = f 
Jo 

[K^{x)f]{x) = r 


[K5{X)f]ix) = 


[iPoo{e)k3{e,X)Ae-^^^^+y^'>fie,yN)\ (xOdyN, 

) 

^oo{e)k4{e,X)A^e-^^^M{yN)ne,yN) {x')dyN, 


:f7,^ 


<Poo(C')^5(?',A)A|A|2e M{yN)f{i',yN) {x')dyN, 


V’on{ak6(.e,X)A^MixN)e-^^^fie,yN) (x')dyjv, 


[^6(A)/](a:) = 

poo 

[KriX)f]ix)= / T77 <Pi^ie)k7ie,X)A\X\"^M{xN)e-^y^hC,yN) {x')dyN, 

Jo 

pOO 

[KsiX)f]{x)= / T-7 <Pooie)k8{e,X)A^M{xN + yN)ne,yN) {x')dyN, 

Jo ^ 

poo 

[Kg{X)f]ix)= / J^-7 ^oo{e)k9{e,X)A^M{xN)M{yN)f{e,yN) {x')dyN, 

Jo ^ 

pOO 

[Kio{X)f]{x) = T77 ^oo{e)kio{e,X)AXM{xN)M{yN)f{e,yN) {x')dyN. (5.7) 

Jo 

We know the following proposition (cf. [T71 Lemma 5.4]). 

Proposition 5.2. Let 1 < p < 00 , 0 < e < 7r/2, and f G Lp(R(^), and let be a subset ofS^. Suppose 
that for every a' G there exists a positive constant C = C{a') sueh that for any A G and 

C G R^-i \ {0} 

\D^:W^{akn{e, A)}| < (n = 1,..., 10). 

Then there exists a positive eonstant C such that for any A G A^ 

ll^n(A)/||ip(R_N) < C'||/||lp(rW) (n = 1,..., 10). 


5.1 Analysis on 

We first show the following lemma concerning estimates of the symbols defined in m 
Lemma 5.3. (1) There exists a positive constant A^o such that for any A > Aao and X G fJ 
2-M < ReR < |B| < 2A, |R(A, R)| > |L(A,R)| > (c,p/16)(8-M)F 
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(2) There exist positive constants Ci,C 2 , and C such that for any A G [^o/6, 2Aoo] and X G fJ, 


CiA<ReB <\B\<C 2 A, \D{A, B)\ > CA^, \L{A, B)\ > CA^. 


where A^o and Aq are the same constants as in (1) and in (13.61) . respectively. 

(3) Leta' s G R, and a > 0. Then there exist constants C > 0 and 6oo > 1> independent of a, 

such that for any A G F^ and A > Aq/G with Aq defined as in (13.61) 


\D'^:L{A,B)-^\ < |D“,'7W(a)| < 




Proof. (1) We first consider the estimates of B. For A G fJ, set ct = A += —"foo+A'^±iu [0,7oo]) 
and 9 = arga. Then we have 


ReS = 


a 2 cos - = 


■!^(1 + cos 6I)2 = -^(Icrl + 


so that for any A > A^o 

BeB > —j= (2A — 2jao ~ 7oo)~ ^ 'y/2^ 

provided that Aao satisifes A^ > 2^oo + loo- On the other hand, it is clear that |R| < 2A1. 
Next, we show the inequality for D{A, B). Since 


D{A, B) = B{B^ + 3A^) + A{B^ - A^) = B{X + AA^) + AA = AA^B + {B + A){--f^ ± iu), 


we see, by the inequality of B obtained above, that 


|iA(Al, B)\ > AA^\B\ -\B + A\\-j^±iu\> AA^ReB) - {\B\ + A){^^ + 
> 2A^ — 3(7oo + loo)A > A^ 


for any A > Aoo, provided that A^o satisfies A^^ > 3(700 + 7oo)- 
Finally, we show the inequality for L{A, B). Since 

Bf- B"^ = -y24 - - (-7oo ± iu) + O(^) as A -)> 00 , 

there exist positive constants Aao and C such that for any A > Aao and A G FJ we have \B\ — B‘^\ > 
{calA)A, which, combined with the inequality of B obtained above and (15.IL furnishes that 


\Bi 


B\> 


\Bl-B^\ ^ (c./4)Al ^ c. 
|Ri +R| “ AA - 16 


(A > Aao and A G F 4 ). 


On the other hand, we have 


B 2 — B^ = —(1 — + 0{A) as A —>• 00 , 

so that there exists a positive number Aao such that for any A > Aao and A G fJ we have |i3| — B'^\ > 
(A^/2), from which it follows that 


\B2 - B\ 


\Bl-B^\ ^ (Ay2) 
\B2 + B\ - AA 


A 

J' 


Since \B — i? 2 | < |R — Bj\ {j = 3,4), we thus obtain 

\L{A, B)\ > (co./16)(8“^A)^ (A > Aao and A G fJ). 


(2) It is sufficient to show the existence of positive constants Ci, C 2 , and C such that for any A G 
[Ao/e, 2Aao] and A G fJ 


Cl < ReR < |R| < 02, \D{A,B)\>C, \L{A,B)\>C. 
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It is obvious that the inequalities for B holds, so that we here consider D{A,B) and L{A,B) only. 
First, we show the inequality for D{A, B). Set 

^ ^ ^ 

A=—, A =- 7 oo + ± iu for M G [ 0 , 7 oo], 

and note that B = (A + We then see that 

{B/A G C I A G and A G [Ao/Q,2A^]} c {2 G C | 1 < Rex}. 


In fact, setting cr = I — ( 700 /xl^) ± i^ujJ^') and d = argcr, we have 


1^2 

Re— = 2 |(t|^/^ cos - = 2|(t|^/^ ~ + Rec)^^^ > 2(RetT) 


1/2 


A 


= 2 




1/2 




> 21 - 


4-1 X (Aio/e)^^/' 


(Alo/6)2 

which, combined with Lemma 14.81 and the formula: 


= 73, 


D(A, B) =B^ + 2AB^ + 12A^B - 8A^ = A^ 


12 


furnishes the existence of a positive constant C such that for any A G [^ 0 / 6 , 2Aoc] and A G fJ we have 
\D{A, B)\ > C. The inequality for L{A, B) follows clearly from the definition of the integral path F^ 

(3) We see, by Lemma lOl (1) and (2), that there exist positive constants ( 71 ,( 72 , and (7 such that for 
any A G F^ and A> A^/Q 

CiA<BeB <\B\<C2A, \D{A,B)\> CA^, \L{A,B)\> CA^. (5.8) 


We thus obtain the required inequalities by using Leibniz’s rule and Bell’s formula, and noting 


\Df,D{A,B)\ = \Df,{B'^+AB'^ + ?,A^B-A^)\ <CA^, 


\D‘I,L{A,B)\ = 


71“ 


A 


B^A 


D(^A, B) + A(^Cg + Co-A^) 


< CA^ 


for any a' G A G F^ and A > Ao/6 by (15.81) (cf. [T71 Lemma 5.2, Lemma 5.3, Lemma 7.2]). □ 

Now, we have a multiplier theorems on F^ 

Lemma 5.4. Let 1 < p < 00 , n = 1,..., 10, and f G LpCR^). We use the symbols defined in (EH) and 
assume that for any a' G there exists a positive constant (7 = C{a') such that jDI", A)| < 

( 7 ^-|“ I fQp Qjiy X g fijid 7l > 7 I 0/6 with ^0 defined as in (13.6p . Then there exists a positive constant 

(7 such that for any A G F^ 


W^nWfWLpCRf) < (n — 1 ,..., 10 ). 

Proof. Employing the similar argumentation to the proof of |171 Lemma 5.4] and using Lemma 15.81 we 
can prove the lemma. □ 

By (13.41) . (15.41) . (|5.6p . Lemma El and Lemma El we have the following lemma. 

Lemma 5.5. Let 1 < p < 00 , / G LpfR^)^, and d G IF^ (R)^). Then there exists a positive constant (7 
such that for any A G F J 

lk7llw2(R") + l77llWpi(R") + II^A.oollw3(R}() ^ C'II/IIlp(R")j 
lkillw|(R}') + l7illWj;(R") + 11^1,00IIW3(R«) < C'll(il|n/2(R_N). 
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Applying Lemma 15.51 to the terms in (I5.3I1 . we have 

+ < Ce-^“‘IMIIw=(R-) (5-9) 

for any t > 0 with some positive constant C. 

5.2 Analysis on 

By Lemma (13.41) . (15.41) . (15.6p . and ProDOsition l5.21 we easily see that the following lemma holds. 

Lemma 5.6. Let 1 < p < oo, f G LpCR^)^, and d G IF^ (R;^). Then there exists a positive constant C 
such that for any X G L^ 

||(A3/2r;^,AVni,v2ni,V^l)L^(R.) < C\\d\\^.(^.-,, 

II'^^1,OoIIw 2(R«) + ll^l,oollw3(R") ^ C'||d||^y2(RN). 

Applying Lemma 15.61 to the terms in (ESI), we have for t > 1 

+ < Ce-^”‘||d|U2(R^) (5.10) 

with some positive constant C . 

Summing up (15.91) and (15.101) . we have obtained the estimate (11.71) in Theorem ll.il ('21. since 

5 5 

s^{t)F= Y. no,(t)F= ^ 

5 

T^{t)F= Y 

S6{/.d}<^=4 
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